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Preface 


This is a textbook primarily intended for students with approximately 
a vear’s background in complex variable theory. The material has been 
collected from lecture courses given over a long period of vears, mostly 
at Harvard University. The book emphasizes classic and semiclassi¢ re- 
sults which the author feels every student of complex analysis should 
know before embarking on independent research. The selection of topies 
ix rather arbitrary, but reflects the author’s preference for the geometric 
approach. There is no attempt to cover recent advances in more special- 
ized directions. 

A\lost conformal invariants can be described mn terms of extremal 
properties. Conformal invariants and extremal problems are therefore 
intimately linked and form together the central theme of this book. An 
obvious reason for publishing these lectures is the fact that much of the 
material has never appeared tn textbook form. In particular this ts true 
of the theory of extremal length, instigated by Arne Beurling, which 
should really be the subject of a monograph of its own, preferably by 
Beurhng himself. Another topte that has received only scant attention in 
the textbook hterature 1s Schiffer’s variational method, which I have 
tried to cover as carefully and as thoroughly as I know how. I hope 
very much that this account will prove readable. [ have also included 
a new proof of Jay] <4 which appeared earlier in a Festschrift for AL. A. 
Lavrentiev Gin Russian). 

The last two chapters, on Riemann surfaces, stand somewhat apart 
from the rest of the book. They are motivated by the need for a quicker 
approach to the uniformization theorem than can be obtained from Leo 
panio’s and my book “Rienwann Surfaces.” 

Some early lectures of mine at Oklahoma A. and AL. College had 
been transcribed by R. Osserman and Af. Gerstenhaber, as was a lecture 
at Harvard University on extremal methods by Ic. Schlesinger. These 
writeups were of great help in assembling the present version. I also ex- 
press mv gratitude to Ff. Gehring without whose encouragement I would 
not have gone ahead with publication. 

There 1s some overlap with Makoto Olitsukasebook “Dirichlet 
Problem, Extremal Length and Prime Ends’ (Van Nostrand, 1970) 
which is partly based on my lectures at Harvard Uniw@mity and im 
Jiegien . 

Lars V. Ahlfors 
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APPLICATIONS OF SCHWARZ’S LEMMA 


1-1 THr NONEUCLIDEAN METRIC 


The fractional hnear transformation 


: Ge U 
S(z) = 1-1 
@ =F (41) 
with ja]? — |b/? = 1 maps the unit disk A = {2z; |z| < 1} conformally onto 
itself. It is also customary to write (1-1) in the form 
2-2 
(2) =e = (1-2) 
his 252 


which has the advantage of exhibiting z) = S-!(0) and a = arg S’(0). 
Consider 21,22 © A and set w; = S(z1), we = S(z2). From (1-1) we 
obtain 


A> 229 
W, — We = = = 
(bz1 + a) (bz2 + @) 
_ 1 - 2129 
1 — UW. = 


(bZ, + a) (bz. + a) 
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ai = 2 Wy — We 
and hence ——_— | = | —_——_ (1-3) 
tee oe 1 — WyWe 
We say that 
Cio 22 
6(21,22) = = (1-4) 
1 — 2122 


is a conformal invariant. Comparison of (1-2) and (1- +) shows that 
5(z1,22) < 1, a fact that can also be read off from the useful identity 


29 : 
1 — 6(21,22)? = ~ i 
|1 — 212e|? 
If z; approaches 22, (1-3) becomes 
ldz| [dw | 
2 1 —- |wi? 


This shows that the Riemannian metric whose element of length 1s 


(1-5) 


is invariant under conformal self-mappings of the disk (the reason for the 
factor 2 will become apparent later). In this metric every rectifiable are 
has an invariant length 
2|de| 
T= ik 


and every measurable set # has an invariant area 
Ne eera Adz Ada dy — 
(1 — |2|?)? 
The shortest arc from 0 to any other point is along a radius. Hence 
the geodesics are circles orthogonal to |z| = 1. They can be considered 
straight lines in a geometry, the hyperbolic or noneuclidean geometry of 


the disk. 
The noneuclidean distance from 0 to r > O1s 


i 2dr l1+r 
i ey 
Since 6(0,r) = 7, it follows that the noneuclidean distance d(21,22) is COn- 


nected with 6(z:,22) through 6 = tanh (d/2). 
The noneuclidean geometry can also be carried over to the half plane 
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H = \z=x+ iy; y > 0}. The element of length that corresponds to the 
choice (1-5) is 
dz 
ds = | , (1-6) 
¥ 


and the straight lines are circles and lines orthogonal to the real avis. 


1-2 THE SCHWARZ-PICK THEOREM 


The classic Schwarz lemma asserts the following: If f is analytic and 
ie) 1 for iz) < lwand if (0) = 0) then |\f@)| < |zleand 4f'(0)| eae 
Equality [f(z)| = |2z| with z ¥ Oor|f’(0)| = lean occur only for f(z) = efz, 
a areal constant. 

There is no need to reproduce the well-known proof. It was noted by 
Pick that the result can be expressed in invariant form. 


Theorem 1-1) An analytic mapping of the unit disk mto itself de- 
creases the noneuclidean distance bet ween two points, the noneuclid- 
ean length of an arc, and the noneuclidean area of a set. 


The explicit inequalities are 


br) z ies 
\l —fledfGs)| ~ [1 = z23| 
: il 
Wel . ; 
Leese doa 
Nontrivial equality holds only when fis a fractional linear transformation 
of the form (1-1). 


Pick does not stop with this observation. He also proves the follow- 
ing more general version which deserves to be better known. 


Theorem 1-2. Let f: A— A be analytic and set wy = f(z), k = 


I,. ..,n. Then the Hermitian form 
mn 
lL pe 
On(t) = D 1 a th 
hk=1 ee 


is positive definite (or semidefinite). 


PROOF We assume first that f is analytic on the closed disk. The 
function F = (1 + f)/(1 — f) has a positive real part, andif F = U + iV 
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we have the representation 


i) or 16 Z 
F(z) == 2 Ale U(ei®) de + 71V(0). 
Qn JO et8 — 2 
This gives 
1 or i a PAPAS 
F roe) == _______—_—— ld, 
(2) + Fe) = = i ee Cera. 
and hence 
: Py Se F, = 1 Qn . lie : 
——— i,t, = - Se a hie 0: 
cee oa = CG 


1 


ere eee Ff. = Otte) (= ie) The factors in the de- 
nominator can be incorporated in fa, i., and we conclude that Ot) 28. 
For arbitrary f we apply the theorem to fQrz),0 <r < 1, and pass to the 
limit. 


Explicitly, the condition means that all the determinants 


1—|wl? = La wits 
1 — |ail? 1l — 212 
= | 
tae wei |w.|? 
1 — 2221 1 = |24\7 


are >0. It can be shown that these conditions are also sufficient for the 
interpolation problem to have a eolution: [ft Wi...) etn mmee ven and 
WD ey. Geli Oe condition on w, will be of the form °° ln 
2 Re (aw,) + b < 0. This means that w, is restricted to a certain closed 
disk. It turns out that the disk reduces to a point if and only if Dr-1 = 0. 

The proof of the sufficiency is somewhat complicated and would lead 
too far from our central theme. We shall be content to show, by a method 
due to R. Nevanlinna, that the possible values of wn fill a closed disk. We 
do not prove that this disk is determined by D, 2 0. 

Newanlinna’s reasoning 16 recursive. Eom — 1 there is very little to 
prove. Indeed, there 1s no solution if |w:| > 1. If wil = 1 there is A unique 
solution, namely, the constant wr. If |w;| < 1 and fi isa solution, then 

hee] wy 2 2 _ 


folz) = (ee, = ee Gen) 


is regular in A, and we have proved that |fo(z)| < 1. Conversely, for any 
such function fe formula (1-7) ytelds a solution fi. 
For n = 2 the solutions, if any, are among the functions fi already 
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determined, and f2(z2) must be equal to a prescribed value wo. There 
are the same alternatives as before, and it is clear how the process con- 
tinues. We are trying to construct a sequence of functions f,; of modulus 
<1 with certain prescribed values f,(z,) = we“ which ean be calculated 
from wi, . . . , we. If |w,| > 1 for some k, the process comes to a halt 
and there is no solution. If |w,“| = 1, there is a unique f;, and hence a 
unique solution of the interpolation problem restricted to 21, .. . , ze. In 
case all {w.{ < 1, the recursive relations 


- Ee & — & 
1 — Wy f(z) 1 —- ene 


Frail) 


lead to all solutions f; of the original problem when f,,41 ranges over all 
analytic functions with |fnsi(z)| < 1 in A. 

Because the connection between f, and f,41 is given as a fractional 
linear transformation, the general solution is of the form 


Agi2 ine 2) ae Bile) 
Caleinal2) De) 


where 4,,B,,Cn,D, are polynomials of degree n determined by the data of 
the problem. We recognize now that the possible values of f(z) at a fixed 
point do indeed range over a closed disk. 

This solution was given in R. Nevanlinna [42]. The corresponding 
problem for infinitely many z;,w, was studied by Denjoy [17], R. Nevan- 
linna [43], and more recently Carleson [13]. 


filz) = 


1-3 CONVEX REGIONS 


A set is convex if it contains the line segment between any two of its 
points. We wish to characterize the analytic functions f that define a 
one-to-one conformal map of the unit disk on a convex region. For sim- 
plicity such functions will be called convex univalent (Hayman [27]). 


Theorem 1-3) An analytic function fin A is convex univalent if 
and only if 


Re a) > —1 (1-8) 
£) 
for all z € A. When this is true the stronger inequality 
(2) kek 2 i 


Hee Gl eae eal, 


is also in force. 
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Suppose for a moment that f is not only convex univalent but also 
analytic on the closed disk. It is intuitively clear that the image Ol ie 
unit circle has a tangent which turns in the positive direction when 
6 = argz increases. This condition is expressed through 0/06 arg af 2 0. 
But arg df = ugf’ + arg dz = are f’ + 6+ 7/2, and the condition be- 
comes 0/06 (arg f’ + 8) = Re Gf 7 +4) 2 tor [z| = 1. Beech maxl- 
mum principle the same holds for rales 

Although this could be made into a rigorous proof, we much prefer 
an idea due to Hayman. We may assume that (00) = 0. It fis convex 
univalent, the function 


Ve ~ vz 
ae L ee 2 | 


‘5 well defined, analytic, and of absolute value <1 in A. Hence |g’(0)| < 1. 
Wee it fe) = ae Gee: Giemeg 2) — (Go ae and we 
obtain |a2/ai] < 1, lf'(0)/f (0)| = 2. Thbisos (1-9) for z = 0. 

We apply this result to F(z) = f[(@ + 0/Q + €a)], le] < 1, which 
maps A on the same region. Simple calculations give 


10) _ f'"(c) 
FO) f’€e) 


and we obtain (1-9) and its consequence (1-8). 

The proof of the converse 1s less elegant. It is evidently sufficient 
to prove that the image of A, = (oe alee ie COM LO 0 Vela 1. 
The assumption (1-8) implies that arg df increases with @ on i2| = 9, Sue 
f’ is never zero, the change of arg df is 27. Therefore, we can find 6; and @. 
such that arg df increases from 0 to 7 on (8:,42] and from mw to 2m on 
(62,0, + Qa]. If f(re"’) = u(8) + iv(@), it follows that v increases on the 
Gyst interval and decreases on the second. Let vo be areal number between 
the minimum 0(:) and the maximum (82). Then v(@) passes through vo 
exactly once on each of the intervals, and routine use of winding numbers 
shows that the image of A, intersects the line v = Up along a single seg- 
ment. The same reasoning applies to parallels in any direction, and we 
conclude that the image is convex. 

The condition [f’’(0)/f’(0)| < 2 has an interesting geometric inter- 
pretation. Consider an are 7 in A that passes through the origin and whose 
image is a straight line. The curvature of y is measured by d(arg dz) /\dz\. 
By assumption d(arg df) = 0 along y so that d(arg dz) = —@ ane f’. The 
curvature is thus a directional derivative of arg f’, and as such it 1s at 
most |f’”/f’| in absolute value. We conclude that the curvature at the 
origin dseat most 2. 


(1 a |c|®) ra 2G 
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This result has an invariant formulation. If the curvature at the 
origin is <2, the circle of curvature intersects |z/ = 1. But the circle of 
curvature is the circle of highest contact. A conformal self-mapping pre- 
serves circles and preserves order of contact. Circles of curvature are 
mapped on circles of curvature, and our result holds not only at the origin, 
but at ama, point. 


Theorem 1-4 Let y be a curve in A whose image under a conformal 
mapping on a convex region is a straight line. Then the circles of 
curvature of y meet |z| = 1. 


This beautiful result is due to Carathéodory. 


1-4 ANGULAR DERIVATIVES 
For |a| < 1 and R < 1 let K(a,R) be the set of all z such that 


aaa of 


= it. 


a2 
Clearly, A(a,?) is an open noneuclidean disk with center a and radius d 


sic aleke, = tah (2/2); 
Let Ky, = K(en,R,) be a sequence of disks such that z, — 1 and 


1 — |z,| 


eh Om, (1-10) 


We claim that the A, tend to the horocycle K,, defined by 


Ree ap Gain 
ae 
The horocyele is a disk tangent to the unit cirele at z = 1. 
The statement K, — K,, is to be understood in the following sense: 
(1) Ife € K, for infinitely many n, then z € K,,, the closure of K,; (2) if 
z2€ K,, then z € K, for all sufficiently large ». For the proof we observe 
that z © K, 1s equivalent to 


[1 = 2ne[? 1 = fend? 
1 — |e? 1-—fk,? 


(1-12) 


If this is true for infinitely many n, we can go to the limit and obtain 
(1-11) by virtue of (1-10), except that equality may hold. Conversely, if 


8 CONFORMAL INVARIANTS. TOPICS IN GEOMETRIC FUNCTION THEORY 


(1-11) holds, then 


F i ae Lae 2 
lm Use eee <k 
n> 2 i lz|? 
: F 1 aa | n 2 
while lim 24 


=> 
¢ d 
no 2 I =a in 


so that (1-12) must hold for all sufficiently large x. 
After these preliminaries, let f be analytic and |f(z)| < 1 in A. Sup- 
pose that z, — 1, f(@n) 2 1, and 


ec 


a : Jers 


Civen a> 0 we choose #, sothat GL, — a=.) = this makes 
0 < R, <1 provided 1 — |zn| < &. With the same notation 


Ky = Bea) 


as above, we know by Schwara’s lemma that f(K,) C Ki =e) 
where Wn = {(én). The Kn converge to the horoevcle K,, with parameter 
k as in (1-11), and because (1 — lw.l)/(l — Ra) > ak, the K’ converge 
to K’, with parameter ak. If z& K,,, it belongs to infinitely many em 
Hence f(z) belongs to infinitely many K' and consequently to Re in 
view of the continuity it follows that 


Bisel 


i = J 
JOP oop 
1 el 


<k implies Ss 
eye 


This is known as Julia’s lemma. 
Sinee k is arbitrary, the same result may be expressed by 


wl sel 


em CS rue a 
1— f@P ~~ 1— bP 
1 — sO! Ber 
by = ——_—-——— <a. 
ad beso Se 


In particular, @ is never 0, and if B = «, there is no finite @. 
Let us now assume B < © and take z, = «, to be real. Then 


1 — Xn 
ea 


and the condition w, — 1 ts automatically fulfilled. Furthermore, 


JL — wal? < 8 


ee [1 — wal? 1 + tn l+ux, {1 — wl 1 +m 1 — [wal 
= 72 lie,21 =a, 1 le lo ee + [wr| 1 — tn 
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so that (1-13) imphes a < 8. Hence a = 8 for arbitrary approach along 
the real axis, and we conclude that 
_ 1—(f@|_.. [1 —f@)! 
lim ——-—— = lim ———— _ = 
ze 


B. (1-14) 


rl rl pre 


Since 8 # 0,%, the equality of these limits easily implies arg [1 — f(2)] 
— 0, and with this information (1-14) can be improved to 


en La Sted = 
im ae = 


ra 7a 


B. (1-15) 


We have proved (1-14) and (1-15) only if 6 ¥ ©. However, if 
B = «©, we know that (1-13) can never hold with a finite a. Hence 
(1-14) is still true, and for 8 = © (1-14) implies (1-15). 

So far we have shown that the quotient [1 — f(z)]/(1 — z) always 
has a radial limit. We shall complete this result by showing that the 
quotient tends to the same limit when z— 1 subject to a condition 
1 — 2] < MQ — |z|). The condition means that z stays within an angle 
less than 7, and the limit is referred to as an angular limit. 


Theorem 1-5 Suppose that fis analytic and |f(z)| < 1 in A. Then 
the quotient, 
1 — fle) 


l—z 


always has an angular limit for zg — 1. This limit is equal to the least 
upper bound of 


ie) ee 


1 — |f()|2 1 — Jel? 


and hence either + °% or a positive real number. If it is finite, f’(z) 
has the same angular limit. 


PROOF We have to show that 8 is an angular limit. If 6 = ©, no 
new reasoning ts needed, for we conclude as before that 


ean LON _ 
ie 
zo ae 


and when |1 — z| < M/(1 — |a|) this implies 


1-f/@ _ 


lim 


z— 1 a 
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The case of a finite 8 can be reduced to the case B = @. The defini- 
tion of 8 as a least upper bound imphes 


l 
Re 
l 
Therefore we can write 


—t = = ——— (1-16) 


with |F| < 1. Because 8 cannot be replaced by a smaller number, it is 
clear that the function / must fall under the case 8 = © so that 
( —z)/( — F) 0 in every angle. It then follows from (1-16) that 
(1 —f)/(1 — 2) has the angular Hmit 6. 

From (1-16) we have further 


afd — fy? = (1-2 = FP — FY 


We know by Schwarz’s lemma that |"|/(1 — Fi?) = 1/1 = |2\7). Sa 
this estimate, together with |1 — z| < 420. — |z|), we obtain 


l-—z -P 1 — (2 
fare | 55 - 1] <2M 7 


and from this we conclude that f’(z) — B. 

When B # ~, it is called the angular derivative at 1. In this case 
the limit f(1) = 1 exists as an angular mit, and 8 is the angular limit of 
the difference quotient [f(z) — fQ)]/( — 1) as well as oj (2), Tle map- 
ping by f is conformal at z = 1 provided we stay within an angle. 

The theorem may be applied to fi(z) = e- *f(e-!7z) with any real y 
and 6, but it is of no interest unless f(z) — e® as z > e7 along a radius. 
In that case the difference quotient [f(z) — e®]/(z — e'7) has a finite limit, 
and the mapping is conformal at e7 if this limit is different from zero. 

In many cases it is more convenient to use half planes. For instance, 
iff = wu + wv maps the right half plane into itself, we are able to conclude 
that 


2 aa, tele ee is 
lim —— = lim 7] = ¢ — ani ule (1-17) 
v ay 


Zz 0 Z zm 0 


~ 


the limits being restricted to jargz| < 7/2 — ¢,€ > 0. Indeed, if the theorem 
is applied tof; = (f — 1)/4 + 1) as a function of 21 = ( — 1)/( + 1), 
we have 6 = sup z/u = 1/c and 

1- eA 


lim —— = hn =C 
Peco lee Bl Jee ee ee 


This easily implies (1-17). Note that ¢ is finite and > 0. 
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The proof of Theorem 1-5 that we have given is due to Carathéodory 
[10]. We have chosen this proof because of its clear indication that the 
theorem is in fact a limiting case of Schwarz’s lemma. There is another 
proof, based on the Herglotz representation of an analytie function with 
positive real part, which is perhaps even simpler. We recall the Poisson- 
Schwarz representation used in the proof of Theorem 1-2. For positive 
U it can be rewritten in the form 

9 16 

= iy = a * du (6) + 71, 


a 


where « denotes a finite positive measure on the unit circle. In this form, 
as observed by Herglotz, it is valid for arbitrary analytic functions with 
a positive real part. 

Apply the formula to F = (1+ f)/(1 — f), where |f(z)| < 1 in A. 
Let c > 0 denote u({0}). 1e., the part of « concentrated at the point 1, 
and denote the rest of the measure by uo so that we can write 


Deeeee .* Siniciews 
oe l1—2z 


vo 
Ee i SEE ylang (1-18) 
0 @ 


76 __ 


For the real parts we thus have 


sued laze 22 1 — fal? 
——“- = ¢ ——__- ———— du o(8), 1-19 
1 a i: fe? — zis Hol) (1-19) 


y 


from which it is already clear that 


Lame ae ec 
ple Tiler mt Tonge 
We rewrite (1-19) as 


Ue iy eee oe 
nse fr ae 8 +70) 


A I Qn {1 —, ale / 9 
with 2) = : ie? — ze cual 2 
We claim that /(z) > 0 as z-— 1 in an angle. For this purpose we choose 
6 so small that the uo measure of the interval (—4,6) is Jess than a given 
e > 0. Divide /(z) in two parts: 


[= loth, = f+ f° 


If {1 — z| < AVG — Jal), it is immediate that [Jo] < A/%e. It is obvious 
that J; — 0, and we conclude that /(z) > 0 in an angle. This proves that 
c = 1/8 in the earlier notation 
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If the same reasoning is applied directly to (1-18), we find that 
= Oa! — f)-1— 2c in an angle, and this is equivalent to 
Gua) le jue. This completes the alternate proof of Theorem 1-5. 

As an application we shall prove a theorem known as Léwner’s 
lemma. As before, f will be an analytic mapping of A into itself, but this 
time we add the assumption that |f(z)| > 1 as z approaches an open 
are y on 


2| = 1. Then 7 nage analytic extension to y by virtue of the 
reflection principle, and f’(¢) # 0 for ¢ E +. Indeed, if f’(¢) were zero the 
value f(¢) would be assumed with multiplicity greater than 1, and this is 
incompatible with |f(¢)| = 1 and |f(z)| <1 for |z| < 1. It 1s also true 
that arg f(¢) increases with arg £ so that f defines a locally one-to-one 
mapping of y on an are 7’. 


Theorem 1-6 If in these circumstances 0). = Oetien he length 
of y’ is at least equal to the length of y. 


Hee), Gey Une 


proor We apply Theorem 1-5 to F(z) 
angular derivative at z = 1 is 
ee eee iO 
eS) a 
gee dle Ko | | 
for are f’(¢) = arg [f()/s]. But |L — F@)| 21 — ie) |) 2 ey 
Schwarz’s lemma. Hence |f’(¢)| = 1, and the theorem follows. 


1-5 ULTRAHYPERBOLIC METRICS 

Quite generally, a Riemannian metric given by the fundamental form 
ds? = p*(dx? + dy’), (1-20) 

or ds = pldz|, p > 0,18 conformal with the euclidean metric. The quantity 
K(p) = —p *Alogp 


is known as the curvature (or gaussian curvature) of the metric (1-20). 
The reader will verify that the metrics (1-5) and (1-6) have constant 
curvature —1 [the factor 2 in (1-3) was chosen with this in mind]. 

In this text, which deals primarily with complex variables, the geo- 
metric definition of curvature is unimportant, and we use the name only 
as a convemence. It is essential, however, that A(p) is invariant under 
conformal mappings. 

Consider » conformal mapping w = f(z) and define p(w) so that 
pldz| = pldw| or, more explicitly, o(z) = alf(a)]|s’(2|. Because log Wee as 
harmonic, it follows that A log p(z) = A log a(w), both laplacians being 
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with respect to z. Change of variable in the laplacian follows the rule 
A, log p = |f’(z)|?Aw log p, and we find that K(p) = K(). 
From now on the hyperbolic metric in A will be denoted by dda; 
that is to say, we set 
————— 
Tae 


We wish to compare Aldz| with other metrics pldz]. 


Lemmai-1 If satisfies K(p) < leverywhere in A, then A(z) > p(z) 
for allz€ A. 


PROOF We assume first that p has a continuous and strictly positive 
extension to the closed disk. From A log \ = \2, Alogp > p? we have 
A(log \ — log p) < \? — p?. The function log \ — logp tends to + 
when |z| > 1. It therefore has a minimum in the unit disk. At the point 
of minimum A(log \ — log p) > 0 and hence 2 > p?, proving that \ > p 
everywhere. 

To prove the lemma in the general case we replace p(z) by rp(rz), 
0 <r < 1. This metric has the same curvature, and the smoothness condi- 
tion is fulfilled. Hence \(z) > rp(rz), and X(z) > p(z) follows by continuity. 

The definition of curvature requires A log p to exist, so we have to 
assume that p is strictly positive and of class C®. These restrictions are 
inessential and cause difficulties in the applications. They can be re- 
moved in a wav that is reminiscent of the definition of subharmonic 
functions. 


Definition 1-1 A metric pldz|, p > 0 is said to be ultrahyperbolic 
in a region 2 if it has the following properties: 


(7) pis upper semicontinuous. 

(27) At every 29 GQ with p(zo) > 0 there exists a “supporting 
metric” po, defined and of class C? in a neighborhood V of 20, such 
that A log po > po? and p > po in V, while p(z0) = po(Zo). 


Because log \ — log p is lower semicontinuous, the existence of a 
minimum is still assured. The minimum will also be a local mmnimum of 
log \ — log \o, and the rest of the reasoning applies as before. The in- 
equality A(z) > p(z) holds as soon as p is ultrahyperbolic. 

We are now ready to prove a stronger version of Schwarz’s lemma. 


Theorem 1-7 Let f be an analytic mapping of A into a region 2 on 
which there is given an ultrahyperbolic metric p. Then p[f(z)]|f’(2)| < 
2(1 = |2l7)>*. 
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The proof consists in the trivial observation that p[f(2]|f’(2)| 3s 
ultrahyperbolic on A. Observe that the zeros of f’(z) are singularities of 
this metric. 


REMARK The notion of an ultrahyperbolic metric makes sense, and 
the theorem remains valid if @ is replaced by a Riemann surface. In this 
book only the last two chapters deal systematically with Riemann sur- 
faces, but we shall not hesitate to make occasional references to Riemann 
surfaces when the need arises. Thus in our next section we shall meet an 
application of Theorem 1-7 in which @ is in fact a Riemann surface, but 
the adaptation will be quite obvious. 


1-6 BLOCH’S THEOREM 


Let w = f(z) be analytic in 4 and norm lized by |f’(0)| = 1. We may 
regard f as a one-to-one mapping of A onto a Riemann surface Wy spread 
over the w plane. It is intuitively clear what is meant by an unramified 
disk contained in W,. As a formal definition we declare that an unramified 
disk is an open disk A’ together with an open set D°C A such thay 
restricted to D defines a one-to-one mapping of D onto A’. Let By denote 
the least upper bound of the radii of all such disks A’. Bloch made the 
important observation that By cannot be arbitrarily small. In other words, 
the greatest lower bound of B; for all normalized f is a positive number B, 
now known as Bloch’s constant. Its value is not known, but we shall prove 
Theorem 1-8: 


Theorem 1-8 B > / 3/4. 


proor Somewhat informally we regard w = f(z) both as a point 
on Wy, and as a complex number. Let R(w) be the radius of the largest 
upramified disk of center w contained in JV; [at a branch-point R(w) = OI. 
We introduce a metric pldw| on Wy, defined by 


p(w) = Raita? — ROw)) 


where A is a constant > B,*. This induces a metrie p(z) = alf(@]| f(z) | in 
A. We wish to show that p(z) is ultrahyperbolic for a suitable choice of A. 

Suppose that the value wo = f(z) is assumed with multiplicity n > 1. 
For w close to wo (or rather z close to Zo), R(w) = |w — wo, which is 
of the order |z — 20|". Since [f’(z)| 1s of order lz — z9|"~!, it follows that 
paso order je — 2p + Lig. 2, it follows that p is continuous and 
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p(zo) = 0. We recall that there is no need to look for a supporting metric 
at points where p is zero. 
In case 2 = 2 we have 
Alf’(2)| 
p{z) = 


f(z) — f(zo)|*LA? — [f2) — f(20)]] 


near Zo. This metric is actually regular at zo, and it satisfies A log p = p? 
as seen either by straightforward computation or from the fact that 
pldz| = 2\dt|/(1 — |t/*) with ¢ = A- f(z) — f(zo)]?. 

It remains to find a supporting metric at a point wo = f(z) with 
f’(o) # 0. Denote the disk {w; |w — wo] < R(wo)} by A’(wo) and by D(z) 
the component of its inverse image that contains zo. The boundary of D(2o) 
must contain either a point a € A with f’(a) = 0, or a point a on the 
unit circle, for otherwise A’(wo) would not be maximal. In the first case 
the boundary of A’(wo) passes through the branch-point b = f(a). In the 
second case f(a) is not defined, but we make the harmless assumption that 
f can be extended continuously to the closed unit disk. The point b = f(a) 
is then on the boundary of A’(wo) and may also be regarded as a boundary 
point of the Riemann surface W’,. 

Choose 21 © D(z), wi = f(z1) € A’(wo). It is geometrically clear that 
R(wi) < [wi — bj. For a more formal reasoning we consider A’(w,) and 
D(z1). Let c¢ be the line segment from w to b. If b were in A’(w)), all of ¢ 
except the last point would be in A’(wo) MO A’(w)). But the inverse func- 
tions f-! with values in D(zo) and D(z1) agree on this set, and it would 
follow by continuity that @ © D(z). This is manifestly impossible. We 
conclude that b is not in A’(w1), and hence that R(wi) < Jw: — OI. 

Now we compare p(z) with 


Alf’@)| 
ee Dae Ne) ab 


when z 1s close to 29. This metric has constant curvature —1 and 


poz) = 


po(zo) = p(Zo). 
Moreover, the inequality p(z) > po(z) holds near zo if the function 
8(A® — é) remains increasing for 0 < t < R(wo). The derivative changes 
sign at ¢ = A?/3. We conclude that p(z) is ultrahyperbolic if A? > 38B,. 
All that remains is to apply Lemma 1-1 with z = 0. We obtain 
A < 2R[f(0)}?{A?2 — R[f(O)]} < 2B(A2 — B,). The inequality By; > 
Vig > 0.433 follows on letting A tend to (3B,)?. 


It is conjectured that the correct value of B is approximately 0.472. 
This value is assumed for a function that maps A on a Riemann surface 
with branch points of order 2 over all vertices in a net of equilateral 
triangles. 
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1-7 THE POINCARE METRIC OF A REGION 


The hyperbolic metric of a disk |z| < 7 is given by 


2R 
: eal 


Mal) = Be ale 


If p is ultrahyperbolic in [z| < R, we must have p < \p. In particular, 
if p were ultrahyperbolic in the whole plane we would have p = 0. 
Hence there is no ultrahyperbolic metric in the whole plete. 

The same is true of the punctured plane {z; z # 0}. Indeed, if p(z) 
were ultrahyperbolic in the punctured plane, then p(e)\e:| would be ultra- 
hyperbolic in the full plane. These are the only cases in which an ultra- 
hyperbolic metric fails to exist. 


Theorem 1-9 In a plane region 2 whose complement has at least 
two points, there exists a unique maximal ultrahyperbolic metric, 
and this metric has constant curvature — 1. 


The maximal metric is called the Poincare metric of 2, and we 
denote it by Ag. It is maximal in the sense that every ultrahyperbolic 
metric p satisfies p < \q throughout &. The uniqueness is trivial. 

The existence proof is nonelementary and will be postponed to Chap. 
10. The reader will note, however, that the applications we are going to 
make do not really depend on the existence of the Poincaré metric. At 
present its main purpose is to allow a convenient terminology. 


@heorem 1-10 if OC @', then Ag Ss Xa. 
This is obvious, for the restriction of \q to Q is ultrahyperbolic in &. 


Theorem 1-11 Let 6(z) denote the distance from z@& to the 
boundary of ® Then Na(z) < 2/5(2). 


2 contains the disk with center z and radius 6(z). The estimate fol- 
lows from Theorem 1-10 together with (1-21). It is the best possible, for 
equality holds when & is a disk ang ells camer: 

It is a much harder problem to find lower bounds. 


1-8 AN ELEMENTARY LOWER BOUND 


Let Q., be the complement of the two-point set {a,b} and denote its 
Poincaré metric by Nee. Hf a and 6b are in the complement of 2, then 
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QC Qa» and Ae = daw. A lower bound for Ag» is therefore a lower bound 
for \o. Because 


i ea 
Na,o(Z) — lb a| No,1 (b i a) 


it is sufficient to consider \o1. There are known analvtice expressions for 
oi, but they are not of great use. What we require is a good elementary 
lower bound. 

The region Qo,1 is mapped on itself by 1 — z and by 1/z. Therefore 
ho,(Z) = Aor(1 — 2) = [z/-*A01(1/z). It follows that we need consider only 
\o,1 In one of the regions 04,02,03; marked in Fig. 1-1. 

We begin by determining a better upper bound than the one given 
by Theorem 1-11. %,1 contains the punctured disk 0 < |z| < 1. The Poin- 
caré metric of the punctured disk is found by mapping its universal cover- 
ing, an infinitely many-sheeted disk, on the half plane Re w < 0 by means 
of w = logz. The metric is |dw|/|Re w| = |dz|/|z| log (1/|z|), and we 
obtain 
i =) 
hoalz) S (i log ») (1-22) 


lz 


for |z| < 1. This estimate shows what order of magnitude to expect. 

Let ¢(z) be the function that maps the complement of [1,+ ] con- 
formally on the unit disk, origins corresponding to each other andsym- 
metry with respect to the real axis being preserved. 


Theorem 1-12. For |{z| < 1, |z| < |z — 1l, ie., for z GC Q, 


: aa) | [4 — log [¢(2) [In (1-23) 


Ae) = 


2; 


FIGURE 1-1 
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For z — 0, (1-22) and (1-23) imply 


1 
log Xo1(z) = —log |z| — log log i + O(1). (1-2-4) 


proor It is immediate that the metric defined by 


'() 
£(z) 


has curvature —1, for it is obtained from the Poincaré metric of the 
punctured disk 0 < It| < e4. We use (1-25) only in Q; and extend p to 
Q. and 2; by means of the symmetry relations p(1 — z) = e(z) and 
pile) = \2\?e(2). Elie extended metric is obviously continuous. We need 
to verify that p has a supporting metric on the lines that separate 021,0,Q3. 
Because of the symmetry it is sufficient to consider the line segment 
between 2, and M2. It is readily seen that the original p, as given by 
(1-25) in Qi and part of Q, constitutes a supporting metric provided 
dp/dx < 0 on the separating line segment. 
The mapping function is given explicitly by 


i 


[4 — log |¢(z)|[-" (1-25) 


with Re Vis 0 ln 


al 
06P _ pp (< ee “) + Re® (4 — log |e)" 
Ox ig f 


we substitute 


‘¢ 1 


Cs Se 


ye fo bz 2 
dz 5% ~ Q2(1 — 2) 


On taking into account that 1 — 2 = 2 on the line segment, we find 


dlogp _ 1 4 Re V 
dx ts«é‘CZP? Els 


(oe a3 


and this is negative because |¢| < 1 and Re Wo A 
We conclude that (1-23) holds. The passage to (1-24)is @ trivial 
verification. 
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1-9 THE PICARD THEOREMS 


We use Theorems 1-7 and 1-12 to prove a classic theorem known as the 
Picard-Schottky theorem. The emphasis is on the elementary nature of 
the proof and the explicit estimates obtained. 


Theorem 1-13 Suppose that f(z) is analytic and different from 0 
and 1 for |z| < 1. Then 


+ 
log |f(z)| < [7 + log |f(0)]] (1-26) 


a 
REMARK As usual, log |f(0)| is the greater of log |f(0)| and 0. The 
constant in the bound is not the best possible, but the order of magnitude 
of the nght-hand side is nght. 


PROOF Because 1/f satisfies the same conditions as f it is irrelevant 
whether we derive an upper or a lower bound for log |f|. The way we have 
formulated Theorem 1-12, it is slightly more convenient to look for a 
lower bound. 

By assumption f maps A into 291. By Theorem 1-7 we therefore 
have 


Noslf(2)IIF (2)! -S 


lel? 
We obtain by integration 
f(2) + [2 
ibe Noi Cw) [dw] < log; = ial’ (1-27) 


where the integral is taken along the image of the line segment from 0 
to z. We use the notation Q, of the previous section and assume first that 
the whole path of integration hes in 2). The estimate (1-23) can be 
applied and gives 


2 il 
[£0 4 = tog Ie) Md tog ¢(w)| < oget#. (1.28) 
f(0) _— \2| 
On noting that |d log ¢| > —d log |¢| we find 
4 — log I[f@)ll <! Lene (1-29) 
4 — log |{f(0)]| — [2 
Irom the explicit expression 
[w| 


[F(w)| = ine Va ere 
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we derive (1 + 4/2)-2|u| = \e(v)| < |wl, the lower bound being quite 
crude. With these estimates, and since log 1 + V2) < 1, we obtain 
from (1-29) 

1 + fel 
1 — |e| 


— log |f(2)| < [6 — tog |f(O)I] (1-30) 
Now let us drop the assumption that the path in (1-27) stays in Q4. 

If f(z) € MQ, (1-28) 1s still true if we start the integral from wo, the last 

point on the boundary of Q;. Since |wo| > 3, the inequality (1230) is 

replaced by 

1 + [2| 

1 — [2 


—log [f(2)| < (6 + log 2) (1-31) 


which is also trivially true in case f(z) 1s not in Q;. The inequalities (1-30) 
and (1-31) can be combined to give 


a 


(0) | 


and (1-26) is a weaker version with f replaced by 1/f. The theorem is 
proved. 


+ 4 Jittel 
—log |f(2)| < E + log 2 + log | ; ss ; 
= 


Corollary The little Picard theorem If f is meromorphic in the 
whole plane and omits three values, then fis constant. 


proor If f omits a,b,c then F = [(c — b)/(c — aif — a)/(f — 5)] 
is holomorphic and omits 0,1. Apply Theorem Sto Fee) ie > 0. 
It follows that |F(Rei/2)| lies under a finite bound, independent of / 
and 6. Hence |F(z)| is bounded, and F must be a constant by Liouville’s 
theorem. 


Theorem 1-14 The big Picard theorem If fis meromorphic and 
omits three values in a punctured disk 0 < lz| < 6, then it has a 
meromorphic extension to the full disk. 


pRooF We may assume that 6 = 1 and that f omits 0, lio. Com- 
parison of Xo, with the Poincaré metric of the punctured disk yields 
1 -—1 
olf Ss (12 lve) 
We integrate along a radius from 20 = roe? toz = re? r<crm <1. if 
f(z) EG Q, we obtain as in the preceding proof 


1 
log {4 — log |f(z)|} < log oa Sa 
Za 
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where A is an irrelevant constant. This implies 


i 

—log |f(| s ei 

Z 

with some other constant, showing that 1/|f| 1s bounded by a power of 
1/|z|. Hence the isolated singularity at the origin is not essential. 


Notes The Schwarz lemma and its classic proof are due to Cara- 
théodory [10]; Schwarz proved it only for one-to-one mappings [58, p. 
109]. Although Poincaré had used noneuclidean geometry for function 
theoretic purposes, Pick [50, 51] seems to be the first to have fully realized 
the invariant character of Schwarz’s lemma. Theorem 1-2 has been 
included mainly for historical reasons. 

Theorem 1-5 was first proved by Carathéodory [11] but indepen- 
dently and almost simultaneously by Landau and Valiron [35]. All three 
were unaware that the theorem is an easy consequence of Herglotz’s inte- 
gral representation of positive harmonic functions. We have given prefer- 
ence to Carathéodory’s proof because of its geometric character. 

Ultrahyperbolic metrics (without the name) were introduced by 
Ablfors [1]. They have recently found many new applications in the theory 
of several complex variables. 

There are many proofs of Bloch’s theorem, that of Landau (34] prob- 
ably being the simplest. The original theorem is in Bloch [S]. Heins has 


improved on the author’s bound by showing that B > ate (Heins [28]). 
See also Pommerenke [52]. 

Stronger forms of (1-26) can be found in Jenkins [32], but his proof 
uses the modular function. Our proof of the Picard theorems is elementary 
not only because it avoids the modular function, but also because it does 
not use the monodromy theorem. 


EXERCISES 


1. Derive formulas for the noneuclidean center and radius of a circle con- 
tained in the unit disk or the half plane. 

2 Show that two circular ares in the unit disk with common end pomts 
on the unit circle are noneuclidean parallels in the sense that the points 
on one are are at constant distance from the other. 

3 Let z = 2(t) be an arc of class C*. Show that the rate of change of its 
curvature can be expressed through 


. 7 oS 3 2°) 7 
Jz’(Q/-+ Im eT Gat, 
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4 Formulate and prove the analog of Theorem 1-5 for functions with 
positive real part on the right half plane. 
Verify that the spherical metric 


ar 


2\dz| 


ds = : 
1 + |e|? 


has constant curvature lL. 

6 If fis analytic in the unit disk A and normalized by If’(O)| = 1, let 
L,; be the least upper bound of the radu of all disks covered by the 
image f(A). Imitating the proof of Bloch’s theorem, show that the 
greatest lower bound of Ly is a constant L 2 e 


2 


CAPACTTY 


2-1 THE TRANSFINITE DIAMETER 


Let FE be a closed bounded set in the complex plane. We define its diameter 
of order n as 
d, = max |] |z; — z2,[2/"@-” 
i<j 
for points 24,  H,7 = 1, .. . {7 If 21s omitted, 


0 eee in ee ce 
ijXk 
When these inequalities are multiplied, each factor |z; — z;| occurs n — 2 
times, and we obtain 


gan—?) (n— 2)/2 Cea ces ee 


and hencedn < dn_1. We set d,, = lim d, and call it the ¢ransfinite diameter 
of EL. 

Among all monic polynomials P,(z) = 2" + az"! + °° + + a, Of 
degree n, there is one whose maximum modulus on F' ts a minimum. It is 
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called a Chebyshev polynomial, and we denote its maximum modulus on 
KR by Dies 


Theorem 2-1 lim pz = dq. 


n— © 
proor Let 2, ..., 2» be the end points of d, and consider the 
Vandermonde determinant 
| ee oe 
i; 21 aa 
ViG@iaits ion nee = 
2s mes 


It is a polynomial whose highest coefficient has absolute volume Uae, 


The maximum of |V| on F is <dagrtP? < d_r*?, It follows that 
Cg pane 
Next we observe that 
I. Lee 2,7! if PiGy) eeu enae Eat a 


iI ee a0) 1 Pen arena Palen 


where the P, may be chosen as Chebyshev polynomials. On using 
the Hadamard inequality for determinants, we obtain Ce aS 
nl2o.p92 + * pty, and hence lim inf (1p2” - + ° nee 
is a weighted geometric mean, and we conclude that if im pp eNXists it 
must be equal to d,. 

To prove the existence of the limit we use the inequality prety < 
ms |, .| S bao wel ave write as 

mks h 


i). eee 2 Pin — . 
mk + h 08 Pm T mk +h nee 


log Pmk+h a 


Keep m fixed and let k run through the positive integers while h = 0, 
I g i g 

,m— 1. We conclude that lim sup pr S pm, which obviously tm- 
plies the existence of lim pz. 


2-2 POTENTIALS 


Consider a positive mass distribution » on the compact set £, L.e., a mea- 
sure that vanishes on the complement of 4. We define 


l 
py(Z) = | min (w, log i 7 du(f) 
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and p(z) = limy_,,py(z). This is the logarithmic potential of u. Clearly, p 
is lower semicontinuous, p(zo) < lim inf,_,.,p(z), and harmonic outside of 
HeWesco oun pe elt mae be mini, 


a 


If vy is another mass distribution, we can form 


Tuy) = lity. hee) dy). 


We leave it to the reader to prove that [(u,v) = [(vy,u). For » = v we 
write I(u) instead of I(u,u). It is the energy integral of u. 


Theorem 2-2. Among all distributions with total mass wU/7) = 1, 
there is one that minimizes V,. The same distribution minimizes 
I(u), and the two minima are equal. 


Definition 2-1 If min V, = V, we call e~" the capacity of FE. 


REMARK It may happen that V = «, namely, if no yu gives rise to 
a finite V,. Then E£ is a set of zero capacity. 


PROOF The proof of Theorem 2-2 is in several steps. We assume 
first that the complement of F is connected and bounded by a finite num- 
ber of piecewise analytic Jordan curves. We denote the complement by 
@ and its boundary by 09. The orientation of dQ is chosen so that Q lies 
to the left. 

It is known that @ has a Green’s function with a pole at 2» (see 
Ahlfors, L. V.: “Complex Analysis,” 2d ed., \[eGraw-Hill Book Com- 
pany, New York, 1966, henceforth referred to as C.A.). The Green’s func- 
tion is harmonic in @, it vanishes on 0Q, and its asymptotic behavior at 
«© is of the form 


g(z) = log |z| + y + (2), 


where y is a constant and ¢(z) > 0 for z > ». The constant y is known 
as the Robin constant. 
For any ¢ € Q, Green’s formula yields 


| | 
i) ae ‘3 aa dz\, (2-1) 


LT 


where the normal derivative is in the direction of the outer normal (we 

adopt this convention throughout this book). It is clear that dg/dn < 0, 
and we can define a positive mass distribution by setting 

1 Og 

pe — Dae Je02 Ay 


for any Borel set e. Green’s formula shows that the total mass 1s 1. 


26 CONFORMAL INVARIANTS: TOPICS IN GEOMETRIC FUNCTION THEORY 


lormula (2-1) shows that the potential of u satisfies ee 
for ¢ © @ Green’s formula can also be apphed when ¢ is an exterior 
point of 2, and even if ¢ € dQ. We find that pq) —y om #. Hence 
V, = 7, and we have proved that V = 

Let wo be another mass distribution with total mass | and let po 
be its potential. Then po(z) — p(z) > 0 forz— ~. and it follows by the 
maximum principle that V,, => Vz = y. Thus V, is minimal, and V = y. 
It follows further that 


T(u,uo) = fo duo = vy = L(u). (22) 


To continue the proof we need a lemma. 


Lemma 2-1. Let 41 2nd p2 be positive mass distributions on BE ewith 
11(B) = wo(E) and I(u1) < ©, T(u2) < 2%. Then I(ui) + P(e) — 
27 (ur,u2) = ae 


PROOF It is elementary to show that 

if dx dy 

= ff ay = NR — No les — 2 
Qa le — ail |z — 2el 


jz|< Fk 


+ Cc + e(21,22,/), 
(2-3) 


where C is a constant and ¢(z1,z2,/2) ~ 0 for R > ©, uniformly when 
21,22 are on a compact set. We may assume that mb) = pe) = 1. 
Integration of (2-3) with respect to wi(z1) and uj(22), 47 = 1,2, vields 


: | | Cul) fale dx dy = log R + I(uiu;) + C + €(R) 
=o \z|< Fk 


Ik —2|/ |¢—a2l 


with e(??) — 0. It follows that 


ani) =O), = dim a | f dual) = OY a apo. 
2<R 


R= 0 ce 


Another way of expressing the result is to state that J(u. — we) = 0, 


We apply the lemma to wv and uo. It follows from (2-2) together with 
the lemma that I(uo) > I(u). We have proved that 7(u) ts minimal. The 
distribution p is known as the equilibrium distribution. 

It remains to pass to the case of an arbitrary compact set FL. The 
unbounded component of the complement of /? is denoted by ©. It can be 
represented as the union of a sequence of increasing regions 2, each of 
which satisfies our earlier conditions. The complement of @, will be denoted 
by /,, the equilibrium distribution on £, by pn, the potential of wu. by 
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Pa, the Green’S function by g,, and the Robin constany by ya». By the 
maximum principle gn and yn increase with n. We set y(z) = lim g,(z) 


hae 
and y = lm yn. By Harnack’s principle g(z) is either harmonie or identi- 
cally +o. If it is finite, g is called the Green’s function of Q; it 1s easily 
seen to be independent of the sequence {2,} by which it is defined. 

It is well known that one can select a subsequence of the uw, that 
converges to a limit distribution » with the same total mass. Evidently, 
wis a distribution on /, and in fact on the boundary of 2. For convenience 
we adjust the notation so that {un} 1s the subsequence. 

If z is not on the boundary of Q, it is immediate that the potential 
p of uw satisfies 


pe) = limp) = 4. 


Because of the lower semicontinuity this inequality remains true on the 
boundary, and we conclude that 1, < y. On the other hand, if wo 1s any 
distribution of unit mass on /, it is also a distribution on /, so that 
Vuy 2 Yn, and hence V,, > y. We have shown that V, is a minimum and 
equal to y. 

It can no longer be asserted that p(z) is constantly equal to y on F. 
However, it is trivial that J(u) < y, and for any distribution wo of unit 
mass on / we have I(uo) > Tun) = yn. Hence [(uo) > y and, in particu- 
lar, [(u) > y, so thatin fact I(u) = y. We have proved that 7(u) is indeed 
a minimum and equal to the minimum of J,. 


2-3 CAPACITY AND THE TRANSFINITE DIAMETER 


We proved in the preceding section that cap £ = e77, where y 1s the Robin 
constant of 2, the unbounded component of the complement of /. In 
particular, the capacity does not change if / is replaced by the full comple- 
ment of 0. 

It is clear that y, and therefore the capacity of /, has a certam 
degree of invariance with respect to conformal mappings of Q. In fact, 
suppose that f(z) defines a conformal mapping of 2 on a region Qy, and that 
the Lauren development of f(z) at © hag the form f(z) = z+ * ~~ Se 
that f(%) = © and f(z)/z— 1. If gi is the Green’s function of Q,. then 
gi of is the Green’s function of 2. The Robin constants y and yi are equal. 
Hence the capacity of £1, the complement of Q), is equal to that of £. 
In other words, the capacity is Invariant under normalized conformal 
mappings. 

Note that there is no mapping of / on /1; the comparison comes 
about by passing to the complements. If we drop the normalization, we 
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have cap 1, = jal cap KH, where f(z) = az + °° > . A quantity with this 
behavior may be called a relative conformal invariant. 

The capacity of a disk of radius Ris R. The capacity of a line seg- 
ment of length Lis L/4. 

We shall now study capacity in its relation to the transfinite 
diameter. 


Theorem 2-3 The capacity of a closed bounded set is equal to its 
transfinite diameter. 


PROOF With the same notations as before, let » be the equilibrium 
distribution and P,(z) = (zg — &:) - + * (@ — &a) the Chebyshev poly- 
nomial of degree n. It is immediate by Green’s formula that 


(ce es eles 8 em = a) omg 


Hence pa" = maxg |P,| > e-"7, and it follows that d, 2 e% = cap #. 

For the opposite inequality we observe that d ly) Sok a Hence 
if we prove that d,(#,) < e7™, it will follow tite dU) < @-7. In other 
words, we are free to assume that Q has analytic boundary curves. 

We divide the boundary 0@ into n parts ¢; such that each ¢; carries 
exactly the mass 1/n of the equilibrium distribution. For large n most of 
the parts can be chosen as ares, but if there are N contours we must allow 
for N — 1 parts which are not connected. These parts will be called 
exceptional. 

We choose points ¢; € ¢; and consider the polynomial 


fre ae agi), © 27 at) 


Recall that the potential of the equilibrium distribution equals y on i. 
Since the mass on each ¢; is 1/n, we obtain 


og PA] by =D foe a dale) 


> 
, 
ww 


for all z € FE. We can choose n so large that the diameter of each non- 
exceptional c; is less than a fixed 6 > 0. For z & ¢; we then have 


5 G Gage = (ie ) 
2 | = og =| < ve (+ 25) 
ae = . z—¢ a. eal 
When z lies on an exceptional part we can only say that 
a 1D) 
log =f = 
2— je-$ 
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where D is the diameter of /. With these estimates we obtain 


1 5 dD 
Osi ep = \alor (1 ar — Go | loge —— le, ey 
| ar a 


where ¢c’ is the union of the exceptional parts. 

Let d be the shortest distance between contours. We obtain trivial 
estimates for the contours that do not contain z, the total contribution 
to the right-hand side of (2-4) being at most 


) N— 1 18) : 
log ee log (2-5) 
d d 


h 


Denote by s the arc length from z to ¢ along the contour that con- 
tains z. Because of the regularity of the contour there exists a constant 
k > 0 such that jz — ¢| > ks. Moreover, the normal derivative of g is 
bounded so that du < Kds with finite A. It is seen that the remaining 
part of the first integral in (2-4) is bounded by 


/ 6 
2K ies * log (1 a0 -) ds, (2-6) 


where Lis the length of the contour. The remaining part of the second 
integia! is at most equal’ to 


K [," log ee (2-7) 


Reeall that p.»” < max |P,(z)| on £, that is to say, on dQ. Our esti- 
mates show that log p, + yis bounded by the sum of the expressions (2-5) 
to (2-7). All three tend to zero when n > *% and 6— 0. We conclude that 


log d,, < —y, which is what we wanted to prove. 


The double role of capacity as a conformal invariant and a geometric 
quantity permits us to gain relevant information about conformal map- 
pings. lor instance, if a set # is projected on a line, it 1s evident that the 
transfinite diameter decreases. Hence if the projection in any direction 
has length Z, the capacity 1s >L/4. As an application, let f(z) define a 
one-to-one conformal mapping of the unit disk, normalized by f(0) = 0, 
[f’(0)| = 1. Let b be a point not in the image region. Then 1/f(1/z) gives 
a normalized mapping of the unit disk on an unbounded region 2 whose 
complement // has capacity 1 and comprises the points 0 and 1/b. Since 
FE is connected it has a projection of length >1/|b|. Hence 1 > Fb] 0 
lb] > 1. This is the famous one-quarter theorem. 
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2-4 SUBSETS OF A CIRCLE 


Recall that the Dirichlet integral of a function w over a region 2 is defined 


by 
Ou du\? 
Dou) = ff (") +. (*") Je dy. 


We shall also make use of the mixed Dirichlet integral 


du dv dw Ov 
Doluv) = fl — — + — — Jdxdy, 
: Oror dyoy 


which satisfies De(u,v)? < Do(w) Dalv). (The subseript 2 is often omitted.) 

In this section we study the capacity of a closed subset of the unit 
circle. It will be shown that the capacity has an extremal property which 
links the Dirichlet integral of a harmonic function in the unit disk A with 
its values on £ and at the origin. We denote the complement of BE DN@, ts 
Green’s function by g(z), and the Robin constant by y = — lommeap 1. 


Theorem 2-4 Suppose u(z) is harmonic in A, u(0) = 1, and lim sup 
u(z) <0 as z approaches #. Then D(u) > r/y with equality for 
w = glz)/r. 


proor§ It will first be assumed that / consists of a finite number of 
ares and that wis of class C! on the closed disk. The functions g(z) — g(/2) 
and log |z| are harmonic in @ except for the same singularities at O and %, 
and they also have the same boundary values on FE. Therefore, by the 
maximum principle, g(z) — g(1/2) = log |z|. This shows that g(0) = v 
and also that dg/dr = 4 on EB’, the complement of & with respect to the 
unit circle. Since g is positive, it is furthermore true that dg/dor <Oon kb. 
There is a slight singularity at the end points of the arcs that constitute 
E; by standard use of the reflection principle one shows that the gradient 
of g is of the order of 1/~/p, where p is the distance from the nearest 
end point. 

On taking all these properties into account we easily obtain 


2Qr Og i ] 2Qr 
Dy(ug) = i a dd > sie ud@ >= : i, ee = a 
Qu Og ] ] or 
and Dalg) = i: oe! = 5) a g dé = a gdé = ry. 


Hence mr? < Da(u)Da(g) = ryDa(u), and we have shown thet) DaGQn) 2] y. 
Equality occurs for u = g/y. 
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An arbitrary set / can be represented as the intersection of sets Ly, 
each consisting of a finite number of arcs. The result we have already 
proved is applicable to wi(z) = (1 — e)—“u(rz) — «] and #, for « > 0, 
r < 1, and sufficiently large n. Since cap LE, — cap E and Da(uy) — Daw), 
the full theorem follows. 


In preparation for the next section we shall determine the capacity 
of an arc on the unit circle of length a. Let it be the are between e-%2/? 
and e'*/*, Its complement is mapped on the exterior of a disk centered at 
the origin by the function 


f@) = 5 (2-1 + VE— AE — ew), 


where the square root is asymptotically equal to z at «©. Indeed, explicit 
computation gives 


7 a 6 
ef?) = e921 7 sin — sin? — — sin? — 
fie) she s ue + a/s 7 7 sin a 


so that |f(e%)| = sin (a/4) for |@) < a/2. Since f(z) is normalized at 
the capacity of the are is sin (a@/4). 


2-5 SYMMETRIZATION 


We would like to show that a set # on |z| = 1 of given length ZL has a 
minimum capacity if it consists of a single are. In other words, we claim 
that cap & => sin (L/4). This is practically trivial if # is contained in a 
half circle, for then a contraction makes all distances smaller so that the 
transfinite diameter decreases. But if # does not le on a half circle, this 
reasoning does not apply and we must look for an altogether different 
approach. 

We shall reach our goal by combining Theorem 2-4 with a ‘‘svm- 
metrization theorem.’ There are many such theorems, and we shall be 
concerned only by a special, but rather typical case. The kind of svm- 
metrization we have in mind is known as circular symmetrization. 

Let g(@) be a measurable real-valued function defined for0 < |@| < 7. 
Set m(t) equal to the measure of the set on which g(@) < ¢. Note that 
m(t) is nondecreasing and continuous on the right: w(¢ + 0) = m(d. Two 
functions are said to be equzmeasurable if they give rise to the same a(t). 
We wish to construct a function g*(@) which is equimeasurable with ¢(@), 


é 
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even, and nonincreasing for 6 = 0. The existence of g* is quite obvious 
if m(t) is continuous and _ strictly increasing, for then we merely set 
g*(0) = g*(—6) = m—'(26), where m7! is the uniquely defined inverse 
of m. In the general case we define g*(6) as the least upper bound of 
all é with m(t — 0) < 26. We must prove, carefully, that g* and g are 
equimeasurable. 

It is clear that g* is nondecreasing. Therefore, the inequality 
g*(0) < to holds either in an open interval |6| < 4, or on a closed interval 
\8| < 4. We have to show that m(fo) = 260. 


1 If m(to) > 260, then m(lo) > 200 + 2e for some € > 0, and hence 
m(ty + 6 — 0) > 200 + 2e for all 6 > 0. By the definition of g* this 
implies y*(00 + €) < to + 6, and hence G*(65 + ©) < ty. Tins con- 
tradicts the definition of @o. 

2 If m(to) < 260, we can findeand 6 > Osuch that m (oo +6-—0) < 
26, — 2e. This implies g*(@0 — 6) > fo + 6, which again contradicts 
the definition of 60. The only remaining possibility 1s to have 
m(to) = 260. 


For the sake of simplicity the Poisson integral in the unit disk formed 
with the boundary values g(@) will be denoted by g(z). We assume of 
course that g(@) is integrable. The notation D4(g) will be simplified to 
D(q). We shall need a formula that expresses D(g) in terms of the boundary 
values g(@). 


Theorem 2-5 


_ 1 pew por (_ 9) — 9) \ op ae 
D(g) = =i i (> _ —o) ES 


proor Wecompletegtoananalyticfunctionf = g + th normalized 
by hA(O) = 0. The Dirichlet integral extended over 4, = i\2| <7} aaa be 
expressed by 


L a 
Ce = sit _, Af dz. 


In this formula we have to substitute 


= 4(8) dé 


i Qn et? 
[er — |, zn 
ayia é 


7 i ar e° 
f@ = fo gaps 
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A simple residue computation gives 


e778 - 3 eo’ (z + poe. 
J C= i 
(=F (z 


zl=r —_ 2 (oe = a Pee) (e® — z)? dz 
Dp? ae 
—— =r ey Ol = page Nias 


Ogi ee a 


and we obtain 


Oe a ee 2 

Die i: Jy" (eens — p2eit6-012)-2 g(6)G(8") d0.a8’. (2-8) 
Tv 

As a special case of (2-8), 


2Qr Qn ('—6) /9 2 5(6—8') /2 a F 
ST EF (eilo'—O12 — p2ei(6-012)-" dB dO! = 0, 


and since 
2 ., 
fr (ei(6’—9)/2 = prei(G—0/)/2)—2 dé (2-9) 


is obviously independent of 6’, the integral (2-9) is identically zero. It 
follows that 


ie cs Ce a Sn NE gem aU) 


and (2-8) can thus be replaced by 


a Qr Qa 6) — 6’ 2 
a a [ | ae aT d6d6’. (2-10) 


et(8’—8)/2 == pret (@—8")/2 


As r— 1 we expect the right-hand member of (2-10) to converge to 


mes an f_y(8) — 9(8') 
L(y) — f i (! cel 6 a6’. 


If [(g) < «, it is easy to prove that this is indeed so, for the identity 


/ 


jeiCa’—O12 — p2ei(@—89/2[2 = (Y — p2)2 4 dy? sin? (2-11) 


shows that J(g) is a convergent majorant of D,(g) so that Lebesgue’s 
theorem of dominated convergence is applicable. 

It remains to show that /(g) converges when D(g) < «©. First, if 
the Dirichlet integral is finite, the radial limit ¢(@) = lim,_..g(re’®) exists 
almost everywhere and is square integrable. This ts an immediate con- 
sequence of the Schwarz inequality, for instance, in the form 


os d . : ] ar fO 2 
i | ane) wr dO ik (=) dr dé < Dig) < . 
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Furthermore, it is well known that the Poisson integral formed with the 
values g(@) is equal to g(z). Now we apply the theorem to g,(6) = g(re’’). 
We know that I(g,) = D(g,) = D,(g) and that g,(@) > g(@) almost every- 
where. It follows by Fatou’s lemma that (gy) < lim fg = Ge 
The theorem is proved. 


We return to the symmetrized function g*. 
Theorem 2-6 D(g) > D(g*). 


PRooF We introduce the auxiliary integral 


(ake) — oO Ie 


ae a ae 
LAO) = e_ 16 dé’. 
) 27 if I, (1 — r°)? + 4r? sin? ((@ — 0”")/2] sid 


By (2-9), D-(g) < Eg) < Ig). If we can show that 2.(¢*) < Eq), the 
theorem will follow, for then D-(g*) < E,(g*) < E-(g) S I(y), and hence 
ioe Dig") = ilg7) <— 1). 


The missing part will be supplied by a more general symmetrization 
lemma. 


Lemma 2-2 Let w(@) and v(@) be measurable and nonnegative for 
—r <@ <7 and suppose that A(é) is nonnegative and nonimncreas- 
ine tor 0 = 1 — 1. Phen the integral 

© T : . |0 = "| / 
J (u,v) = i p u(@)v(6")K | sin ——>— dé dé 


oe 


satisnes J iv) < J (ut vu"). 


The application to the proof of E,(g*) S E,(g) is rather obvious. 
First, we may assume g to be bounded, and since added constants have 
no influence, we may take g positive. If we develop the square in £,(q), 
it is obvious that the terms containing g(@)? and g(6’)? do not change when 
g is replaced by g*. It is therefore sufficient to show that the term with 
g(@)9(6") increases, and that follows from the lemma since the kernel is a 
decreasing function of sin (|@ — 6’|/2). 


rproor Define u,(6) = max [u(@),u(—6)] if @ & (0,7) and uo 
min [u(@),u(—9)] if @ € (—7,0). In other words, if we think of u(@) as 
being defined on the unit circle, we change the values at conjugate points 
in such 2 way that the larger value is taken on the upper half circle. 
With a similar change of v we claim that J(w4,v4) 2 J (wv). 
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For fixed 6,6’ € (0,7) we have to compare 


AG») es [2 (0)0(6’) = u(—d)o(—O')]K (sin a 


= 


+ [u(@)v(—4’) + u(—O)o(6) | (sin _ 


_ 


with A(u4,v4). In view of obvious symmetry considerations it is sufficient 
to consider the case in which w,(6) = u(@) and »4(6) = v(—6). It is seen 
that 


A(us,v4) = A(u,v) 
= [u(@) — u(—4)][v(—6’) — v(6’)] E (sin a=) —KkK (sin ) ih 


oo 


a product of three positive factors. Hence J(us,v4) > J (wv). 

In proving the lemma we may assume that u,v, and A are bounded. 
Next, we can replace wu and v by step functions that assume only a finite 
number of values, each on a semiopen interval. We set 


bien = Cibey + > > * = Gente, 
where the u; are characteristic functions of intervals and a; > 0. It is 
. * * . . . . ry 
evident that u* = aqwy + --- +a,u>, and it is similarly evident 
that 
v= byw, + fn a Digit: 


The lemma needs to be proved only for wu; and vy. 

Accordingly, let vw and v be the characteristic functions of two ares 
a and 6 on the unit circle. It is evident that J(u,v) is invariant under 
rotations of the circle. Therefore we can assume that the midpoints of a 
and 6 are symmetric with respect to the real axis, for instance, with a 
having its midpoint on the upper half of the circle. But in this situation 
u4(0) = u(@) and r4(6’) = v(—@’). Thus us and vy are characteristic func- 
tions Of arcs with A common midpoint. This implies J (i*6*) = fare), 
and we have already proved that J(us,v,) > J(u,v). The lemma is 
proved. 


The appheation to capacity is quite simple. 


Theorem 2-7 A closed set / on the unit circle with length @ has 
a capacity at least equal to sin (@/4). 


PROOF Let g(z) be the Green’s function of the complement of 
&, and y the Robin constaat, so that «ap & = e-*. We denote by y*@) 
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the harmonic function with the symmetrized equimeasurable boundary 
values g*(6). It is equal to zero on an are E* of length a, and we set 
eap &* = e~y* = sin (a/4). Because ¢ and g* are equimeasurable on the 
unit circle, they have the same value at the origin, and in the course of the 
proof of Theorem 2-4 it was shown that this value is y. Now apply The- 
orem 2-4 to g/y and g*/y. It yields D(g/y) = r/y and D(g*/y) = a/y*. 
Since D(g) > D(g*), it follows that y S y*, cap L > cap E*. 


vores The transfinite diameter was introduced by Fekete [19]. 
Important simplifications were given by Szegé [59] and in Poly: and 
Szego [54]. 

In spite of its classic origin potential theory suffered a long time 
from lack of rigor and did not come into Its own until the appearance of 
Frostman’s thesis (20) in 1935. More work on the foundations was done 
by H. Cartan and in many articles by Brelot. For later developments the 
reader is referred to the excellent survey and bibliography by Brelot [9]. 

The representation of the Dirichlet integral in terms of the boundary 
values (Theorem 2-5) 1s due to Douglas [15]. Symmetrization techniques 
were used extensively by Polya. All rearrangement theorems, of which 
Lemma 2-2 is a sample, are based on a fundamental idea of Hardy and 
Littlewood [26]. Theorem 2-7 was probably first proved, but not pub- 
lished, by Beurling. 


EXERCISES 


1 Show that the transfinite diameter of a set is equal to that of its 
boundary. 

2 Tet E be a closed, bounded, connected set, and let @ denote the un- 
bounded component of its complement. By Riemann’s mapping the- 
orem there is a normalized conformal mapping 


{@) =2 + a+ a + pee 


of 2 on the outside of a circular disk whose radius # ts known as the 

outer conformal radius of @. Show that R = cap £. 
3 (Hayman) Let F(w) = aw + bo + be! + -  betamalbdigin 1 < 
lw] < 0. Denote by Q the set of all values that F(w) does not assume. 
Then eap Q < a with equality only if F is one to one. 
(Pommerenke) Study the mapping of |z| > 1 by (2m + 2+ 27)" and 
use it to find the capacity of a star formed by x equally spaced seg- 
ments of unit length issuing from a point. 


ik 


3 


HARMONIC MEASURE 


3-1 THE MAJORIZATION PRINCIPLE 


Harmonic functions satisfy the maximum principle. Elementary but sys- 
tematic use of the maximum principle leads to important methods for 
majorizing and minorizing harmonic and analytic functions. In this con- 
nection the emphasis ts never on great generality but on usefulness. For 
this reason we shall deal only with situations in which the existence the- 
orems needed are virtually trivial. 

It has been found extremely useful to introduce the notion of har- 
monic measure. In its most primitive form it artses as follows. 

Let ® be a region in the extended complex plane whose boundary 
dQ consists of a finite number of disjoint Jordan curves. Suppose that 
the boundary dQ 1s divided into two parts F and £’, each consisting of 
a finite number of ares and closed curves; it is immatertal whether the 
end points of the ares are included or not. There exists a unique bounded 
harmonic function w(z) in @ such that w(z) - 1 when z tends to an in- 
terior point of / and w(z) > 0 when z tends to an interior point of 4’. 
The values of w he strictly between 0 and 1. The number w(z) is called 
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the harmonic measure of FH at the point z with respect to the region 2. 
It is also denoted by o(z,2,/). 

We remind the reader that the uniqueness depends essentially on 
the boundedness of w. It follows from the Lindeléf form of the maximum 
principle, which we state and prove for the benefit of the reader. 


Lindelof’s maximum principle Let u(z) be harmonic and bounded 
above, u(z) < A/, in a region 2 whose boundary is not a finite set. 
Suppose that lim sup. u(z) < m for all boundary points ¢ with a 
finite number of exceptions. Then u(z) < min @. 


proor Assume first that @ is bounded and denote its diameter by 
d, the exceptional points by ¢;. In this case it suffices to apply the ordinary 
maximum principle to 
Ue) > log ZH 
; d 
with « > 0, and then let ¢ tend to zero. With the help of an inversion the 
same reasoning can be applied as soon as & has an exterior point. In the 
absence of exterior points we choose a positive number FR different from 
all |¢,|. Let Q1 and Q: be the parts of 2 with |2| < Rand |z| > #, respec- 
tively. If u(z) < m on Q ({\z| = R}, we can apply the result separately 
in Q, and Q». If not, w will have a maximum >” on O12) ere) ind 
this is a maximum for all of 2. But then wv would be a constant >i and 
could not satisfy the boundary condition. 


EXAMPLE 3-1 Let 2 be the upper half plane and E a finite union of 
segments of the real axis. Then w(z,2,E) is 1/m times the total angle under 
which £ is seen from the point z. 


EXAMPLE 3-2. Let @ be a circular disk and # an are of the circle with 
central angle a. The harmonic measure is w(z) = (20 — a)/24 where 6 1s 
the angle subtended by F at z. 


EXAMPLE 3-3 Let © be an annulus 7; < lz] <re and & the outer 
circle |z| = 2. The harmonic measure at 2 is log ({2|/r) : log (r2/11). 


For some purposes it is preferable to consider a slightly more gen- 
eral situation. Let @ be an open set and @ a closed set in the extended 


HARMONIC MEASURE 39 


plane. We denote by # the part of the boundary of @ — a that belongs 

to a. It will be assumed that the geometric situation is so simple that it 

is possible to form w(z,2 — @,F), separately for each component of 2 — a. 

This is called the harmonic measure of @ with Tespect to & and the nota- 

tion is simplified to w(z,Q,a). Roughly speaking, w is harmonic and 

bounded in 2 — a, equal to 1 on a, and zero on the rest of the boundary. 
The principle of majorization is stated as follows: 


Theorem 3-1 Given two pairs (Q,@) and (Q*,a*), let f be analyt- 
ic in 2 —a@ with values in Q*, and such that z—> a implies 
f(z) > a*. Under these circumstances w(z,Q,a) < wl fo) in 
JO" — a). 


We write o = w(2,2,e), w* = w(f(z),2*,a*) and apply the maximum 
principle to w — w* in a component of f-1(Q* — a*). Asz approaches the 
boundary of this component, either z tends to a boundary point of Q 
which is not on a, or f(z) tends to a*. In either case lim sup (w — w*) < OF 
except when f(z) tends to an end point of the boundary ares of Q — a* 
that lie on @*. If there are only finitely many such points, the maximum 
principle remains valid, and we conclude that w < w* throughout 
ie ie 


Corollary w(z,2,a) increases with Q and a. 
This is the theorem applied to the identity mapping. 


As another application let 2* be the disk |w| < Af and a* a 
closed disk |w| < m < M/. Then 


_ log LV /If@)I) 


ae ee) log AT /m 
> a 


and we obtain the “two-coustant theorem,’ Theorem 3-2. 


Theorem 3-2 If |f(z)| < MW in Q and |f(z)| < m ona, then |f(z)| < 
mM —* in the part where w(z,Q,a) > @. 


When both regions are annuli we obtain as a special case Had- 
amard’s three-circle theorem which is best formulated as a deter- 
minant inequality 


1 i il 
log r log p log R = 0 (3-1) 
log M(r) log M(p) log AT(R) 


40 CONFORMAL INVARIANTS. TOPICS IN GEOMETRIC FUNCTION THEORY 


fort <p < R. Here M(r) is the maximum of | f(z)| for |z| = 7. The 
inequality shows that log .V/ (r) is a convex function of log r. Need- 
less to say the same is true of the maximum of any subharmonic 
function. 


3-2 APPLICATIONS IN A HALF PLANE 


The next three theorems are typical applications of the majorization 
principle. 


Theorem 323 Let f() betameltic and bounded for y > 0, con- 
Pion (ie teas. It fe) => Cron 3 then f(z) > cm 
any angle 0 < argz <7 — 6, 6 > 0. 


pRoor We may assume that f(z) — e| < 1 im the half plane, and 
Ghee (fl) — cl < elorx > ©o: The two-constant theorem gives |f(z) — ¢ 
< 27 when arg (2 — to) < am — 4/2. In particular, this inequality holds 
as soon as |z| > vo, argz <7 — 6. 


Theorem 3-4 (Phragmén-Lindelof’s principle) Let f(z) be ana- 
lytic for y > 0, continuous with |f(@)| < 1 for all real x, Then 
either |f(z)| < 1 in the entire half plane, or the maximum modulus 
M(r) on |z| = 7 satisfies hm inf,..7 | log A/(r) > 0. 


proor In Fig. 3-1 the harmonic measure of the: half ticle 1s 
26/r. Hence |f(z)| S A(R)?" But R@ tends to a finite limit when 21s 
fixed and R — «. The theorem follows. 


Theorem 3-5 (Lindelof) Let f(z) be analytic and bounded in a 
half plane and assume that f(z) > ¢ along an are 7 tending to *. 
Then f(z) — c uniformly in any interior angle. 


proor We may assume that c = 0 and |f(z)| < 1. Replace y by 
its subare from the last intersection with |2) = qe. Be2). It divides 
{\z| > Fe} into two regions 9’ and @”, and we may suppose that |f(z)| < « 


i a 


FIGURE 3-1 ie R 
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FIGURE 3-2 


on y. The harmonic measure w(z,Q’,y) is greater than or equal to the har- 
monic measure of [R,+ ] with respect to {|z| > R}. If the latter is de- 
noted by w(z,/), it is clear that w(z,R) = w(z/R,1). But w(z,1) has a 
positive minimum A, for instance, on the are {|z| = 2, argz <7 — 6}. 
We conclude that |f(z)| < @ when |z| = 2R and at the same time z € 0, 
arg 2 <a — 6. The same estimate holds when z € 2”, arg 2 = 6, The 
theorem is proved. 


~ 
a 
~ 


Corollary A bounded analytic function in the half plane cannot 
tend to different limits along two paths leading to infinity. 


A hmit along a path that leads to infinity is known as an asymptotic 
value. The corollary asserts that a bounded analytic function cannot have 
two different asymptotic values in a half plane. The same is true when 
the half plane is replaced by an angle. 


3-3 MILLOUX’S PROBLEM 


Suppose that f(z) is analytic and [f(z)| < 4/7 in the unit disk A. Assume 
further that the minimum of |[f(z)| on every circle {|z| = 7},0 <r <1, 
is <m <M. How large can |f(zo)| be at a given point? This is a 
natural setting for harmonic measure. Indeed, we know that [f(z)| < m 
on a certain set a and |f(z)| < A/ elsewhere. Hence by the two-constant 
theorem, |f(zo)| < m?A7!-*, where w is the harmonic measure of @ with 
respect to A at the point zo. What we need therefore is a lower bound 
for w which does not depend on the shape of a but merely on the fact 
that a intersects all the concentric circles. 

This problem was proposed by Milloux [38] and aroused consider- 
able interest. It was solved independently by R. Nevanlinna [44] and 
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Beurling [61]. We shall give an account of the development that led to 
the solution. 

Because of the rotational symmetry we may assume that 20 is posi- 
tive, and we set zo = ro < 1. It is to be expected that » is a minimum 
when a is the negative radius, and we shall ultimately show that this is 
indeed the case. For the negative radius one easily finds that wo = w("o) 
is given by 


4 
1 — @ = — are tan Vo. 
aT 


If we show that w(zo,A,a) > wo, it will follow that |f(zo)| < molto 
not only for the functions f originally under consideration, but also for 
functions f that are analytic only in A — a and satisfy lim sup [f(z)| < m 
as z— a. Indeed, since the maximum principle 1s being applied to log |f(z)|, 
it is not even necessary that f(z) be single-valued as long as it has a 
single-valued modulus. Thus the solution applies to a larger class, and 
it will give the best possible estimate for the larger class; but it does not 
give the best answer to the original question. Although the answer 1s 
known (Heins [30]), we shall be content to solve the easier problem of 
finding the best lower bound for (Zo). 

Even before Milloux an important special case was treated by Carle- 
man [12]. He assumed that the region A — a is simply connected. Under 
this hypothesis we can map A — aby a branch of log z. The image region 
lies in the left half plane, and it has the property of intersecting each 
vertical line along segments whose total length is at most 27. By con- 
formal invariance 1 — w(ro) is the harmonic measure at log ro of that part 
of the boundary of the image which hes on the imaginary axis. It is 
majorized by the harmonic measure with respect to the full left half 
plane. The angle subtended at log 7 by segments of given total length 
is A maximum for a single segment, symmetrically placed with respect 
to the real axis. It follows that 

9 


1 — wl) S = are tan (3-2) 
Tv 


Vv 
log (1/70) 
This is a rather poor estimate, the reason being that the half plane 
is the image of a Riemann surface with infinitely many sheets rather than 
the image of a plane region. Carleman used the following idea to improve 
the result. Assume that |f| < 1 on @ and let 4/(r) denote the maximum 
modulus of f on |z| = r. We use (3-2) in a disk of radius r > ro to obtain 


log M(r0) . 2 
—= — are tan 


pint ae (3 3) 
log MQ) — x log (7/10) -_ 
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On letting 7 tend to r this becomes a differential Inequality 


d log AT(r) 2 
= ee LO) 
aloa 7 Si 


and integration from ro to 1 gives 
2 l 
log log M(1) — log log A/ (15) > = loa (3-4) 
Te lo 


[We have tacitly assumed A/(r) to be differentiable. This can be avoided 
by passing directly from (3-3) to (3-4).] 
We apply (6%) with log |f] = 1 — eaind obteitethe estimate 


1 —- w(7o) —< Py, 


which is an improvement over (3-2), 

More important, it is possible to take into account the “thickness” 
of the set a. For this purpose let 6(r) denote the total angle of the arcs 
on |z| = r complementary to a. It is rather obvious that (3-3) can be 
replaced by 


d log AI (r) e 4 


log M(r 
dlogr ~ r6(r) SBR): 


from which it follows that 


4+ of) adr 
log log Af (1) — log log M(1) > a ay 


and finally 


4 1 ar 
log [1 = w(7"o) | s exp | = Ha fi a 


Although this is not precise, it is at any rate a good estimate obtained 
by very elementary methods. 

We pass now to Beurling’s solution of the problem, or rather of a 
more general problem. Let @ be a closed set in A, and Ict a* be its cir- 
cular projection on the negative radius. In other words a* consists of all 
—r such that there exists a z€ a with |z| = r. 


Theorem 3-6 (Beurling) (79,A,a) > w(1'0,A,a*). 
The proof can be given for arbitrary a (with an appropriate defini- 


tion of w), but we shall be content to consider the case in whieh a 
consists of a finite number of segments. In this case the existence of 
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ar) = a2, Aa”) 15 clear, and the existence of w(z,A,a) will be taken 
for granted as part of the hypothesis. 
We know that 


eee 
y(z,f) = log | 
Sao 
is the Green’s function of A with a pole at ¢, and we note the inequalities 
g(lel, lel) < 90) S$ 9Cab le) = 9(— kel “ISD. (3-5) 


Green’s formula gives the re jresentation 
oD 


dw*(f) 
On 


ot = —= [906.9 S > las 3-6) 
where we have added the two equal normal derivatives, both in the direc- 
tion of the inner normal, and hence negative. 

In (3-6) we replace each ¢ € a* by a ¢’ © a such that |¢’| = [¢I. 
This can be done in such a way that g(f’,2) 1s a measurable function. We 
can therefore form the function 


i , dw*(¢) 
= i_ g(o,2) dg]. 
Tes On 
It is obvious that uw is harmonic in A — @ and that u = 0 on |z| = 1. 


With the help of (3-5) we see that w(z) S w*(—|z|) < lforallz GE A — a, 
and it follows by the maximum principle that u(z) < w(z). On the other 
hand u(7o) > w*(7o), again by (3-5), and we have proved that wo) & 
wo): 


3-4 THE PRECISE FORM OF HADAMARD’S THEOREM 


We return to Hadamard’s three-circle theorem which we derived as a con- 
sequence of Theorem 3-2, the two-constant theorem. We shall assume 
that f(z) is analytic for 1 < |z| < # and that If| < 1 on lz] = 1, lf] < - 
on |z| = R; we assume AT > 1. The inequality (8-1) takes the form 


log R 
log M(r) < —=— log M. 
log r 
Equality can hold only if 
log |e| 
log = log AT 
Og If) | log R og l } 


5 / 
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and we then have 


But if f(z) is single-valued, as we assume, the left-hand side is an integral 
multiple of 27, and hence equality can occur only if AY is an integral 
power of R. When this is not the case, there must be a smaller bound 
for Al(r), and it becomes an interesting problem to find the best bound 
for arbitrary r, R, and MV. 

This problem was solved by Teichmitller [60], and independently by 
Heins [29]. Teichmiiller’s solution is more explicit, and it is the one we 
shall present. 

We choose a fixed p, 1 < p < R, and denote the Green’s function 
of the annulus 1 < |z| < & with a pole at —p by g(z) = g(z,—p). The 
harmonic measure of the outer circle is w(z) = log |z|/log R. 


Lemma 3-1 The maximum of g(z) on lz] = r is attained at —r, 
the minimum at r. As a consequence the radial derivative dg/dr has 
its minimum on |z{ = R at R, and its maximum on i2| = Tated. 
Moreover, g(r) is a strictly concave function of log r, that. is, rg’(r) 
is strictly decreasing for 1 <r < R. 


PROOF We write z = re’ and consider the harmonic function dg/08. 
It vanishes on |z| = 1 and |z| = R, and it is also zero on the real axis 
because of the symmetry. Near the pole it behaves as 


Im | 2 £ tog (g + | = lin lo 


which is positive in the upper half plane. Hence ag/06 > 0 in the upper 
half of the annulus, which proves the assertion about the maximum and 
minimum. The statements about the maximum and minimum of dg/dr 
are a trivial consequence. 

The three-circle theorem for harmonic functions states that the 
maximum of a harmonic function on |z| = r is a convex function of log r, 
and strictly convex except for functions of the form a log |z| + 0. It fol- 
lows that the minimum g(r) is concave in the intervals (1,p) and (p,/2) 
and hence 7g‘(r) is decreasing in (1,R). If g(r) were equal to a logr + b 
in an interval, we would have g(z) = a log |z| + 6 in the corresponding 
annulus. This would imply that the analytic function r dg/dr — 7 dg/00 
reduces to a constant, which is impossible in view of the singularity at 
=. 
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Theorem 3-7 Suppose that f(z) is analytic in 1 < |z| < R and that 
Lfe)| = deter Je = 1; \f(z)| < Af for |z| = &. Let m be the mteger 
determined by R™! < M < R”. Then 


log M log p (=) : 
TA geese be 
log M(p) S Gen I\ a7 (3-7) 
with equality only if 
R™ 
log |f(2)| = (2) log MW — g (2, ~) (3-8) 
f 


PROOF We may assume that the maximum modulus M/(p) is at- 
Pe nedeat =o. Denote the Zeros of fby i, = 7.8 and write C for the 
full boundary of the annulus. Green’s formula gives 


N 
1 Og 
log li(—0)| = — 55 fo low lM 5, al — 2, aC” (3-9) 
and 
N 
1 Ow ase d log |f| 
20 he log l/l on al 2 a, 20 fee an er 


Observe that f is single-valued if and only if the right-hand member of 
the last equation is an integer. Our problem is to maximize (3-9) under 
the diophantine condition 

N 


] Ow 
On i log |f| ae \dz| — > w(a;) = 0 (mod 1). (3-10) 
1 


We note first that g(a) > g(\ail), by Lemma 3-1, while 
w(a:) = w(|ail). 

For this reason we may assume that the a; are positive. Let us write 
log |f| = —w: on |z| = 1 and log |f| = log Mf — ue on [zl = #; then w1 
and uw. are >0. The normal derivative dg/dn (outer normal) is < — y'(1) 
on |z| = 1 and <g’(A) on lz| = R. 

With these estimates, and by use of the relation 

i Og 

— = fren 54 =a =p) — 
it follows from (3-9) that 


log M loge _ g' (1) 
log R Qn l=? 


log p 
) 


log f(—p)| << wu, dé 


N 


Rg'(R) 
+e i" pedi = Y ga), (3-11) 


1 


HARMONIC MEASURE 47 


with equality only if u; and us are identically zero. For further simplifica- 
tion we set g(r) = Alw(r)), w(a;) = t;, and 


Ay = (2n log eal 


lz 


u dé, Az = (2m log R)-} oe Ue dé. 


With this notation (3-11) becomes 


N 


— A,h'(0) + Adh'(1) — D Alt), (3-12) 


1 


log AT log p 


log |f(—p)| < log P 


while (3-10) can be written 


log AT 
1 . e ~] 
Gate (mod 1) (3-13) 


er et ee 
1 


We shall make use of the following lemma. 


Lemma 3-2 Let A(t) be periodic with period 1, h(0) = A(1) = 0, 
and h(t) < 0 for 0 < ft < 1. Then & is subadditive: A(z + y) < 
h(x) + h(y), and more generally BA, = Ay ss Se = 
Agi sO) — Aai(1) Gi) se ee A(tw) if Ay, As > 0. Equality 
holds only if Ay = A. = 0 and at most one (; is not an integer. 


The lemma is applicable to the function h in (3-12), extended by 
periodicity. Set 8 = w(R"/M) = m — (log A//log R) so that 


™ 
h(B) =g (=) 


m being the integer in the statement of the theorem. We obtain from 
(3-13) and Lemma 3-2 
N 


N. 
h(B) =h (Ay — Ae + Dt) < Aw'(0) — Arh'(1) + Y a(t), 
1 1 


and hence by (3-12) 


log AT log p lee 
lin < MEM nEe (2) 


log R 


which is (3-7). 

For equality we must have equality in (3-12) and in the lemma. 
This occurs only if A; = 4. = 0 and f has a single zero a;. We then 
have 

log | f(z)| = w(z) log M — g(z,ay), 
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and by (8-13) hi = w(a;) = —log M/log & (mod 1), which is possible 
only for a, = ™/M. We have shown that the function f defined by 
(3-8) is single-valued, and that its maximum modulus AM (p) is the largest 
possible for all p. 


PROOF OF LEMMA For the first part of the lemma we may assume 
eee 2 ey Ee < 1, we have h’(t + y) < WG) or 
0<t <2, and hence A(t + y) — hy) < A). We rye 1, we have 
Witty — 1) >h' forz<t < 1, and hence h(y) — h(«+y-—1)> 
—h(zx), so that in both cases h(a + y) < h(a) + h(y). 

Repeated use gives hy +? Fae) Ss h(t) + °° ° + hlty), and 
in particular h(t + ns) < h(t) + nh(s) when n is a positive integer. Take 
o= Aa/n-and leh =2 We obtain h(t + Ai) < AG) +A ih’(0). Simi- 
larly, for s = —A2/n, h(t — Ac) <A) — Aoh’(1). A combination of 
these results yields the desired general inequality. The reader will con- 
vince himself that it is always strict except in trivial cases. 


notes It is difficult to trace the origins of harmonic measure, for 
the method was used much earlier than the name. For instance, the 
Lindelof theorems in Sec. 3-2 were proved by a reasoning that comes 
very close to the two-constant theorem. Carleman [12], Ostrowski [49], 
and F. and R. Nevanlinna [41] used the method independently of 
each other. The name harmonisches Mass was introduced by R. Nevan- 
linna in his well-known monograph on analytic functions [45,46]. 

Beurling’s proof of Theorem 3-6 is in his thesis [6] which appeared 
in 1933 and opened a whole new era in geometric function theory. The 
methods rather than the specific theorems in the thesis have been ex- 
tremely influential. 

The work of Teichmiiller began to appear in the late thirties. \fany 
of his articles were published in Deutsche Mathematik and are now very 
difficult to find. 


EXERCISES 


1 Let a be an are on the boundary of a convex region. Show that the 
harmonic measure of a at a point z is at most 1/m times the angle 
subtended by @ at Z. 

Let zp be a point in a Jordan region Q and suppose (for simplicity) 
that the circle |z — 2o| = /@ intersects the boundary at a finite num- 
ber of points. Let f be analytic in Q with (f2)| <M everywhere and 
|f(z)| < m on the part of the boundary inside the circle. Show that 


COS) 


or 
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|f(O)| < m2" Af '-48/2" where @ is the total angular measure of the ares 
on lz — z)| = R outside of Q. 

Let hy and he be continuous functions in an interval [a,b] such that 
0 < Ai(x) S ho(x). Let Q be defined explicitly by a < x < b, ila 
y <ho(x). Show that the harmonic measure at a point on the real 
axis of the part of the boundary in the upper half plane is at most 2. 
In an isosceles triangle let w(z) denote the harmonic measure of the 
base with respect to the triangle. If z moves on a line parallel to the 
base, show that w(z) increases monotonically from a lateral side to 
the line of symmetry. 

Let 2 be a region containing the origin and let a be part of its bound- 
ary. If n is a positive integer and S denotes rotation about the origin by 
the angle 21/n, assume that the component of Oin@M SQM --- A 
S*—9 has a boundary contained in aU Sa \U --- U S8*-le. Show 
that w(0,Q,e@) > 1/n. 


4: 


EXTREMAL LENGTH 


4-1 DEFINITION OF EXTREMAL LENGTH 


In this chapter we discuss a geometric method that has had a profound 
influence on the theory of conformal mapping, as well as on the more 
general theory of quasiconformal mapping. It has its origin in an older 
method, known as the length-area principle, which had been used occa- 
sionally by several mathematicians and systematically above all by 
Grotzsch. Briefly, the length-area principle uses euclidean length and 
area, while the method of extremal length derives its higher degree of 
flexibility and usefulness from more general ways of measuring. 

Let 2 be a region in the plane, and T a set whose elements y are 
rectifiable arcs in 2 or, more generally, fnite unions of such arcs (tech- 
nically, each y 1s a rectifiable one-chain). If 2 is mapped conformally on 
Q’, the set I is transformed into a set I’. Our objective is to define a 
number \9(I°) with the invariance property Kal) =] vee): 

It is natural to focus the attention on the lengths of the arcs y. 
However, length is not conformally invariant. For this reason we con- 
sider the whole family of Riemannian metrics ds = p|dz| which are con- 
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formal to the euclidean metric. This family is attached to the region Q 
in a conformally invariant way. Indeed, under a conformal mapping 
z—>2z' the metric pldz| in @ is transformed into a metric po \d2' Vin O ith 
p’ = pldz/dz'|. 

For technical reasons it is necessary to introduce some regularity 
requirements. This can be done in many ways, but we choose to require 
that the functions p be Borel measurable. In these circumstances every 
rectifiable arc y has a well-defined p length 


L{y,p) = f elazl 


which may be infinite, and the open set 2 has a p area 


Ap) = a p andy. 
Q 


If we perform a conformal mapping and replace p by p’, as explained 
above, it is clear that L(T',p) = L(T’,p’) and A(Q,p) = A(Q’,9’). In order 
to define an invariant which depends on the whole set lr’, we introduce the 
minimum length 


L(T,p) = inf L(y,9). 
yer 


To obtain a quantity that does not change when p is multiplied by a 
constant we form the homogeneous expression L(T',p)*?/A(Q,»). The set 
of all these ratios is conformally invariant, and so is their least upper 
bound. We are led to adopt the following definition. 


Definition 4-1 The extremal length of T in Q is defined as 


sup L(T,p)° 
p 


) 


pa OOs 


where p is subject to the condition 0 < AL aye see: 


There are several alternative statements of the definition obtained by 
use of different normalizations. For instance, \o(T) ts equal to sup L(T,p)? 
when p is subject to the condition 0 < A(Q,p) < 1. Similarly, let us say 
that p ts admissible if L(T,p) > 1 and define the modulus of T with respect 
to 2 as inf A(Q,p) for admissible p. Then A(T) is the reciprocal of the 
modulus, and it is a matter of taste whether one prefers to use the modulus 
or the extremal length. The modulus is denoted by AW) (7). 

Another convenient normalization is expressed by the condition 
L(T,p) = A(Q,). Because of the different degrees of homogeneity it is 


52 CONFORMAL INVARIANTS: TOPICS IN GEOMETRIC FUNCTION THEORY 


always fulfilled for a suitable constant multiple of a given p, except when 
Eo) = 0 or ayy Will this normalization we have 


Noll) = sup late) = 6p A(Q,p). (4-1) 


Observe that \e(1) = Oif and only if A(Q,p) < © implies L(Y,p) = 0. 
In this case the normalization L(T,p) = A(Y,p) is possible only when 
both are zero. 

The conformal invariance is an immediate consequence of the defini- 
tion. We wish to point out, in addition, that in a sense \o(I') depends only 
on F and not on 2. To see this, suppose that 2 C a’. Given p on 2 we 
choose p’ = p on 2 and p’ = 0 on m=O", Wien p is Borel measurable 
and L(T,p) = L(T,e"), A(@,p) = A(,p’). This proves that hel) 2 See). 
For the opposite inequality we need only start from a p’ on QO aad let p 
be its restriction to 2. We see that q(T) is the same for all open sets 2 
that contain the arcs y € I. Accordingly, we shall henceforth simplify 
the notation to A(T). 


4-2 EXAMPLES 


To illustrate we consider the more special notion of extremal distance. Let 
Q be an open set and let £1,/2 be two sets in the closure of 2. Take I to be 
the set of connected arcs in 2 which jom fy and Eo; in other words, each 
+ € TI shall have one end point in £, and one in H2, and all other points 
shall be in @ The extremal length A(T) 1s called the extremal distance of 
E, and E; in Q, and we denote it by do(Ey,E2). It depends essentially on Q 
because the set I depends on ®. 

A typical example is the quadrilateral. A quadrilateral is a Jordan 
region Q together with four points on its boundary. These points divide 
the boundary into two pairs of opposite sides a, a’ and 8, 6’. The quadri- 
lateral is oriented by choosing one of these pairs, for instance a,a’, as the 
base pair; the choice can be indicated by the notation Q(a,a’). We are 
interested in determining the extremal distance do(a,a’). 

Since the extremal distance is invariant under conformal mappings, 
we can replace Q by a conformally equivalent rectangle #. We choose 
the mapping so that the @ sides of R lieonz = 0,x = aand the B sides on 
i= 0, 7 — 0. The inet observation is that p = 1 gives LG) =e, 
Ai) = ab. Hence do(a,a’) > a?/ab = a/b. Conversely, let p be arbi- 
trary but normalized by L(T',p) = 4, for example. Then 


i (o(z) — dz = 0, 
and hence ff (p — l)drdy 2 0. 


R 
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Together with 
ie (9 — 1)?dvdy > 0 


R 
this leads to 


ACh) = if pode ay a died = a0, 
R R 


so that L(T,p)?/A(R,o) < a/b for all p. Hence de(aa’) < a/b, and we 
have shown that the extremal distance between @ and a’ is equal to the 
ratio of the sides in a rectangle conformally equivalent to Q. If we inter- 
change a and 8, we obtain d9(8,8’) = b/a. Observe that the product of 
the two extremal distances is 1. 

There are other extremal lengths that can be associated with the 
configuration formed by Q, £y, and Es. For instance, we could let ['* 
consist of all y* in Q which separate EF, and He; in this case we do not 
require each y* to be connected but allow it to be made up of several ares 
or closed curves. The corresponding conformal invariant A(T*) is ealled 
the conjugate extremal distance of Hy, E. with respect to 2, and we denote 
iy Cee 

lor instance, in the case of the quadrilateral it is quite evident that 
dG(a1,02) = do(B1,82). Thus the conjugate extremal distance is the recipro- 
cal of the extremal distance. We shall find that this is the case in all 
sufficiently regular cases. 

It is well known that every doubly connected region is conformally 
equivalent to an annulus R; < |z| < Re. Therefore, if C; and C, denote 
the two components of the boundary of an annulus Q, the extremal dis- 
tance do(Ci,C2) 1s the same as for an annulus. The reader will have no 
difficulty proving that de(C1,C2) = (1/27r) log (R2/R,). The conjugate 
extremal distance do(Ci,C2) is the extremal length of the family of closed 
curves that separate the contours, and its value is 27: log (R2/R)). 


4-3. THE COMPARISON PRINCIPLE 


The importance of extremal length derives not only from conformal in- 
variance, but also from the fact that it is comparatively easy to find upper 
and lower bounds. First, any specific choice of p gives a lower bound for 
Ao(T), namely, Ao(T) > L(T,p)?/A (GQ). This may seem trivial, but it is 
nevertheless very useful. 

To illustrate the point, let us apply this remark to a quadrilateral Q 
Without first mapping on a rectangle. Let 6 denote the shortest distance 
between @ and a’ inside Q, that is to say, the minimum euclidean length 
of an are in Q which joins a and a’. If A denotes the area of Q, we obtain 
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at once do(a,a’) => &/A. Similarly, d$(a,e’) > 6*?/A, where 6* is the 
shortest distance between 6 and §’. Since dq and do are reciprocals, we 
even have a double inequality 


a A 

ee / 

From this we can derive the geometric inequality 66* < A, which has no 

explicit connection with either extremal length or conformal mapping. 
Besides these immediate estimates there is also a simple comparison 

principle which we shall formulate as a theorem. 


Theorem 4-1. Ifevery y € Tcontainsay’ © i ihiemen( te GI) 


Briefly, the set of fewer and longer ares has the larger extremal 
length. The proof is a triviality. Indeed, both extremal lengths @am be 
evaluated with respect to the same @. For any p in @ it is clear that 
PCE) 2a (lp). Tiese minimum lengths are compared with the same 
A(Q,p), and the assertion follows. 


Corollary The extremal distance do(E1,E») decreases when Q, £4, 
and He increase. 


However, the comparison principle is more general, even when ap- 


plied only to extremal distances. Figure 4-1 shows the typical application 
to quadrilaterals: lees 2 do,(a2,a2'). 


4-4 THE COMPOSITION LAWS 


In addition to the comparison principle there are two composition laws 
which express a relationship between three extremal lengths. 


Wa 
FIGURE 4-1 
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Theorem 4-2 Let 2; and Q» be disjoint open sets. Let Ty, Tz consist 
of arcs m Qy, Q2, respectively, and let T be a third set of arcs. 
(4) If every y © T contains a y1 € Ty and a y2 € Ts, then 


= ee ay (41-2) 
(B) Ifevery y: € Ti and every y2 € T, contains ay © Tl, then 


T/T) 2 1/MT1) + 1/(T2). (4-3) 


PROOF If A(T1) or \(T2) degenerates, being either 0 or «, the state- 
ments are trivial consequences of the comparison principle. To prove (A) 
in the nondegenerate case we choose p; in 2; and p» in Qs, with the normali- 
zation L(T;,p;) = A(Q,,p;), ? = 1, 2. Consider an 9 D 0; \/ Qs and take 
p = pi in 21, p = pe in Qe, and p = O in Q — Q; — Qo; this p is Borel 
measurable. We have trivially L(T,p) > D(T1,p1) + L(T2,p2) and 


A(Q,p) = A(Q1,91) + A(Qs,p2) = L(V 3,01) + L(P2, 92). 


Hence A(T) > L(T1,p1) + L(12,p2), and (4-2) follows. 
As for (B), let p be given in 2 and normalized by L(T,p) = 1. Then 
L(T1,p) = 1, L(V2,p) = 1, and this implies 


1 
ate 


A(Q,p) > A(Q1,p) + A(Qo,p) > MP) MP) 


On the other hand, the greatest lower bound of A(Q,p) is 1/(T), and (4-3) 
is proved. 


The composition laws are best illustrated by the following simple 
examples: 
In Fig. 4-2a@, Q is the interior of Q°. U0" U E. Clearly, every are in 


(a) (b) 


FIGURE 4-2 
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9 from E’ to E” contains an arc in 0’ from E’ to B, and one in 2” from E 
to £”. Therefore, the first composition law implies 


do(E',E") > da(E’,E) + do (BE). (4-4) 


In Fig. 4-2b, Q is the interior of &, U Qe. Every are in Q; from Fae 
EY, and every are in 22 from Eto Ey’ not only contains but actually is an 
oon 8 Oo ee E;. The second composition 


law yields 
do(EUE")7 > do,(E, EW) + do,(Ey Ey). (4-5) 


In this case, because extremal distance and conjugate extremal dis- 
tance are reciprocals, (4-3) and (4-4) happen to express the same fact, 
but this would not be so in more general circumstances. 


4-5 AN INTEGRAL INEQUALITY 


The composition laws can of course be applied to any finite number of 
regions. It is of interest to note that there is also an integrated counterpart 
of (4-4). 

In Fig. 4-3, 2 represents a region between & = a and zt = by We have 
denoted by @(t) the length of the intercept with z = t. For small At it 
is evident that the extremal distance between the intercepts corresponding 
to {and ¢ + Atis approximately At/@(¢). Therefore, the integrated version 
of (4-4) is 


ig 
do(E,,E2) = fr = : (4-6) 


= a(x) 


To prove this inequality we need only choose p(z,y) = 1/@(x). In 
this metric the length of any are joining the vertical sides is at least equal 


FIGURE 4:3 a 


~ 
> 
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b _— 
tof dv/6(x). But this integral is also the p area of 2. Hence (4-6) is a 


direct consequence of the definition of extremal length. We have assumed 
for simplicity that each intercept consists of a single segment, and in that 
case 6(x) 1s lower semicontinuous so that p is certainly Borel measurable. 
If there are several segments, it is possible to choose é(x) as the minimum 
length of the segments that join the lower and upper boundary curves. 

The integral in (4-6) was first introduced by Ahlfors in a shghtly 
different context. We shall return to this topic in Sec. 4-13. 


4-6 PRIME ENDS 


An important application of extremal length is to the boundary corre- 
spondence between two simply connected regions which are mapped con- 
formally on each other. The classic theory, due to Carathéodory, is based 
on the concept of prime ends. We shall show in this section that the use of 
extremal length makes it possible to define prime ends in a conformally 
invariant manner. In terms of this definition the main theorem of Cara- 
théodory will be a triviality. Naturally, it will be necessary to prove that 
the invariant definition is equivalent to the original one. This fact will 
emerge as a simple consequence of the comparison principle. 

Let 2 be a simply connected region in the plane. A crosscut of Q is 
a Jordan are y in Q which in both directions tends to a boundary point. 
Itis well known that Q — y consists of two simply connected components, 
and that y constitutes the relative boundary of each component. We shall 
need the slightly more general notion of a cluster of crosscuts. Such a cluster 
is a finite union of crosscuts that form a connected point set. A cluster y 
is said to separate two points in Q if they are in different components of 
Paes 

Choose a fixed z) € 2 and consider sequences a = {a,} of points 
in Q. With the sequence @ we associate the family I, of all clusters of 
crosscuts of Q which separate zo from almost all a,, i.e., from all but a 
finite number of the an. 


Definition 4-2 The sequence a is said to be fundamental if 
ree) =O. 


Recall that A(T.) = 0 if and only if infycra L(y,p) = 0 for all p with 
A(Q,p) < «©. In particular this condition is fulfilled for the spherical 
metric which we denote by po. We show at once that the definition is 
independent of the choice of zo. Let 2) be another choice and denote the 
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corresponding family of clusters by I. We connect Zo to z, by an are ¢ in 
Q and let d be the shortest spherical distance from c to the boundary of Q. 
Assume that \(P.) = 0. If A(Q,p) < ©, itis also true that A(@,p + po) < ~- 
Therefore there exists a y © Pa with arbitrarily small L(y,e + 00): 
But then L(y,e) and L(y,p0) are also arbitrarily small, and as soon as 
L(y,p0) < d, it is clear that y © I. We have shown that Ll ayn, 
and hence that A(T) = 0. 

We shall need an equivalence relation between fundamental se- 
quences. For this purpose we consider the union a U b of two sequences 
and show that the relation defined by x(Taes) =O is anenive: In other 
words, if a b and bU c are fundamental, we have to prove that @ wae 
is fundamental. 

Suppose that y © Tavs wd. 4 © Vige: If y tind intersect, it 1s 
clear that the union y U y’ is again a cluster of crosscuts, and that it 
belongs to Tove. It is for the validity of this conclusion that we are forced 
to use clusters rather than individual crosscuts. 

We assume now that y and y’ do not intersect. In this situation y 
lies in a component of @ — y’, and 7’ lies in a component of 2 — y. We 
denote by Qo and Qj the components of Q — y andQ — vy’ which contain 
zo. The following alternatives need to be considered. 


1) y' is not in QM. With a Gnite number of exceptions a, and ¢n are 
noo Mi (yo. Hence y Glave: 

2) ¥' is in Q. Choose b, so that it is separated from Zo ba yaad y’. 
Let 2; and Q be the components of 2 — y and 2 — y’ which contain 
b,. Q1 C , for otherwise 2; would contain a relative boundary point 
of 2), hence a point on y’ C Mo, contrary to the fact that Qo and Q 
are disjoint. The situation is reduced to the previous ease with the 
roles of y and y’ reversed. Hence vy’ © Tave- 


We have seen that in all circumstances y U y', y, or y’ belongs to 
Eee elt ollows that CMe) Ce Aneleriie transitivity is established. The 
following definition is now meaningful. 


Definition 4-3 The equivalence classes with respect to the relation 
MTs) = 0 are walled prime ends of &. 


Let f be a conformal mapping from @ to another region 2’. Because 
of the conformal invariance of extremal length, it is immediately clear 
that the sequences {an} and {f(an)} are simultaneously fundamental. In 
other words, f determines a one-to-one correspondence between the prime 
ends of 2 and 2’. This fact becomes highly significant a soonms we have 
4 more direct way of recognizing fundamental sequences. Such a way 1s 
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presented in the next theorem which states, in effect, that our definition 
coincides with Carathéodory’s original definition. 


Theorem 4-3 The sequence {a@,} is fundamental if and only if a 
point z) GQ can be separated from almost all a, by crosscuts of 
arbitrarily small spherical diameter. 


As far as the necessity is concerned we have already remarked that 
Zo is separated from almost all a, by a cluster of crosscuts with arbitrarily 
small length, hence small diameter (all lengths and distances are with 
respect to the spherical metric). We wish to show that the separation can 
be accomplished by a single short crosscut. We need a lemma. 


Lemma 4-1 Let 2 be a simply connected region and ¢ the union of 
a discrete set of mutually disjoint crosscuts y. If two points p,q © 2 
are separated by o, then they are also separated by one of the 
crosscuts y. 


PROOF Let Q) be the component of 2 — o that contains p. We join 
p tog by anarecin®. Let po be the last point of ¢ on the boundary of Qo. 
It hes on one of the crosscuts, say yo. We claim that yo separates p and g. 

The discreteness means that every point on one of the crosscuts has 
a neighborhood which does not meet the others. Let 2’ be the component 
of 2 — yo that contains Qo. Because of the discreteness yo is not in the 
relative boundary of 25 U yo with respect to ®’ U yo. Suppose that ¢ were 
in Q’. The set Qo U yo is connected, p’ lies in this set, and the subare p’q 
of c belongs to 2’ U yo without meeting the relative boundary of 29 U yo. 
It would follow that q € Q)U yo, which is contrary to the assumption 
that ¢ separates p and q. We have shown that yo is a separating crosscut. 


PROOF OF THE THEOREM Let d be the distance from zy to the bound- 
ary of 2 and choose 6 < d. If {an} is fundamental, there exists a cluster 
with diameter less than 6 which separates 2) from almost all a,. Let C bea 
circle with radius 6 whose center is an end point of y. Thene = 2A Cisa 
discrete set of disjoint crosscuts. According to the lemma one of these 
crosscuts separates Zo from y, hence from almost all ay. Its diameter 1s at 
most 26 and thus arbitrarily small. 

lor the converse, suppose that yo © Ta is a crosscut of diameter 
6 < d. With one end point as center we draw two circles C, and C2 with 
radii 6 and d. A simple closed curve which separates C, and Cy» will also 
separate zo from yo in Q. By the lemma it contains a crosscut which 
separates Zo from yo and thus from almost all a,. This crosscut. belongs to 
P,, and the comparison principle permits us to conclude that A(T.) < 
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d*(C1,C2), the conjugate extremal distance between C, and C2. If d and 6 
were euclidean radii, d*(C'1,C2) would be equal to 27: log (d/6). The precise 
expression in terms of spherical radii hardly matters as long as it is clear 
that d*(Ci,C2) tends to zero with 6. We conclude that A(T.) = Of 6 can 
be chosen arbitrarily small. 


If @ is the unit disk, it follows at once from the theorem thatea 
sequence is fundamental if and only if it converges to a point on the unit 
circle. In other words, the prime ends can be identified with the boundary 
points. It is not much harder to show, by very elementary topology, that 
the same is true for any Jordan region. Therefore, a conformal mapping 
of one Jordan region onto another can be extended to a homeomorphism 
between the closed regions. This is a basic theorem in conformal mapping. 

For an arbitrary simply connected region 2, other than the whole 
plane, a conformal mapping on the unit disk will define a one-to-one 
correspondence between the prime ends and the points on the unit circle. 
In particular, the prime ends have a natural cyclic order, and it is possible 
to speak of the cross ratio of four prime ends. 

In order to further illustrate the use of prime ends, we consider the 
case of a Jordan region 2 with an incision c in the form of a Jordin ane 
from an interior point to a boundary point. The points of c are on the 
boundary of 2 — ¢, and it is clear that in all reasonable applications the 
interior points of c should be counted twice. This becomes quite rigorous 
when we observe that there are indeed two distinct prime ends associated 
with each interior point of c. Boundary points with higher multiplicity 
have a similar interpretation. 

In the general case the cluster set of a prime end consists of all the 
limits of convergent fundamental sequences in the equivalence class de- 
fined by the prime ends. It is easy to show that a cluster set is closed and 


a 


FIGURE 4-4 


EXTREMAL LENGTH 61 


connected. Distinct prime ends may have the same cluster sets. Vigure 4-4 
shows examples of cluster sets that are not points; in the second example 
the cluster set belongs to two distinct prime ends. 


4-7 EXTREMAL METRICS 


We shall say that the metric po is extremal for the family T in Q if 
L(T,p0)?/A(Q, po) is equal to its maximum A(T). To compute an extremal 
length involves making a good guess what the extremal metric should be 
and then proving that the metric is in fact extremal. 

The problem can be reversed: If po is given, for what families of 
curves Is it extremal? In unpublished work Beurling has given the following 
elegant and useful criterion. 


Theorem 4-4 The metric po is extremal for I if IT contains a sub- 
family Ip with the following properties: 


1) i, poldz| = Lp) for all y ET); (4-7) 
i?) for real-valued h in 2 the conditions 
i hidz| > 0 (4-8) 
for all y © Ty imply 
i hpo dx dy > 0. (4-9) 


2 
PROOF The proof is almost trivial. Let p be normalized by 
L(T,p) = L(Y, po). 
Then 7 pldz| > [ poldz| 


for all y © To, so that (4-8) is fulfilled with h = p — po. It follows by (4-9) 
pat 


[| (epo — po’) dv dy > 0, 
2 


and an obvious application of the Schwarz inequality gives 
// po aedy < a p’ du dy, 
2 Q 


proving that po is extremal. [The proof indicates what regularity to impose 
on A and how to interpret (4-8) and (4-9).] 
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EXAMPLE 4-1 For the extremal distance between the vertical sides of 
a rectangle R = {a<a<b,ce<y <d} we take po = 1 and let To be 
formed by the lines y = constant. It 1s evident by integration that 


is h(z,y) de > 0 


implies [| hvea) dzady 2 0. 
R 


Beurling’s criterion is satisfied, and po = 1 is extremal. 


EXAMPLE 4-2. As a less obvious example we consider a triangle or, 
conformally speaking, a Jordan region with three distinguished boundary 
points. Since all such configurations are conformally equivalent, all extre- 
mal length problems associated with this situation will lead to specific 
numbers rather than conformal invariants. As a particular instance we 
shall determine \(I), where I consists of all arcs m the triangle that touch 
all three sides. 

We begin by mapping conformally on an equilateral triangle with 
side 1, and we shall show that po = 1, the euclidean metric, is extremal. 
Reflection in a side (Fig. 4-5a) shows that the minimum length of yET 
is that of the altitude. The shortest arcs are broken lines which make up 
three subfamilies, one of which is shown in I'ig. 4-5b. We take To to be the 
family of all these broken lines. Let y: denote the arc in Ip which begins 
at (2,0), 0 <2 < 4. If A satisfies condition (4-8), integration gives 


ik dx ie h |dz| = J hdcdy 2-0, 


where the double integral is taken once over the shaded area and twice 
over the doubly shaded area. There are three such integrals, and when the 
results are added up we obtain 


3 ffhdxdy > 0, 


(a) (b) 
FIGURE 4-5 
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where the integral is now over the whole triangle. We conclude by the 
theorem that po is extremal, and computation yields MCD) =e 


4-8 A CASE OF SPHERICAL EXTREMAL METRIC 


In the examples above the extremal metric was euclidean, so that pp = 1 
after a preliminary conformal mapping. We shall now discuss an example 
in which this is not the case. 

In a Jordan region © let 29 be an interior point and let I be the family 
of Jordan curves in Q that touch the boundary and enclose zo (more 
accurately, y © IT becomes a Jordan curve when one boundary point. is 
added). By conformal invariance we can take Q to be the unit disk A, with 
eo = Q. 

We shall first compare X(T) with \(T,), where I’, consists of the arcs 
in A which join diametrically opposite boundary points. The comparison 
is by means of the mapping z = 2,2. Clearly, every yi © T; is mapped on 
ay €T, and every y is the image of two y;. Given p we determine p; so 
that pildzi| = pldz|; this means setting pi(z1) = 2\z1\(z12). With this choice 
it is immediate that L(T,p) = L(Ty,p:) and 2A(A,p) = A(A,p1). It follows 
that NC ea 2 NC), 

In the opposite direction, if pis given, a single-valued pcan be defined 
by o(z) = Flzl*[oi(z) + p1(—2')]. It isreadily seen that L(I,p) > L(T4,p1) 
and 2A(A,p) < A(A,pi). This proves \(f) > 2d(T,), so that in fact 
A(T) = 2d(1)). 

In order to determine the extremal metric for Ty we map A by 
stereographic projection on the upper half of the Riemann sphere with 
radius 1 and center at the origin. The points on the unit circle are their 
own images, and the mapping is conformal. Although the hemisphere is 
not a plane region, it 1s clear that the method of extremal length is ap- 
plicable with insignificant changes, and that Theorem 4-4 remains valid 
if the integrals are taken with respect to the spherical metric. We shall 
show that the spherical metric is extremal. This is the same as saying that 
po = 2(1 + fz)! is extremal for the original problem. 

The shortest curves in the spherical metric are the great circles; we 
must show that they satisfy condition (77) in Theorem 4-4. We shall use 
geographic coordinates 6 for longitude and ¢ for latitude. Consider a great 
circle whose inclination is determined by the maximal value ¢o of the 
latitude. We keep go fixed and rotate about the vertical axis; the semi- 
circles sweep out the zone 0 < » < go. We leave it to the reader to verify 
tiat 

ds d@ = (cos? ¢ — cos? ¢o)~? dw, 
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where s denotes arc length along the great circle and dw is the spherical 
area element. If h satishes 


ie hds > 0 (4-10) 
for all great circles yo, it follows that 


i) (cos? y — cos? go)*h dw > 0. (4-11) 


y<yo 


Now multiply with stn go and integrate from go = 0 to go = a/2. Because 


3 


r/2 ee 
I; (cos? » — cos? yo)? SiN go dgo = >? 


bo 


it follows that 
[lida 0 


over the hemisphere. This proves our contention, and we find A(T)) = 7/2, 
MT) = 7. 

It is of some interest that the same method solves a more general 
problem. Suppose that we know (4-10) only for those great circles whose 
maximal latitude ¢» belong to an interval [0,¢1] with g1 < 7/2. Then (4-11) 
is valid for these values of yo. This time we multiply by the factor 
COS Yo SIN go (COS? Yo — COS? y:1)~ and integrate with respect to ¢o from 
0 to g. The substitution fo = cos ¢o yields 


ie [(cos? go — cos? ¢1)(cos? ¢ — Cos? go) }~? COS Yo SIN Yo dyo 


— i, [(to? — t,°) Ge = to?) |~*lo dto = 


wha 


independently of ¢ and ¢;. We conclude that 


fl hdw > 0, 


O0<y<¢i 


and hence that the spherical metric is extremal in any zone O<¢ < ¢1. 

It is thereby clear that we have determined the extremal length of 
the family of arcs that join opposite points on the outer boundary of an 
annulus. More important, by the same comparison as tn the case of the 
punctured disk we can find the extremal length of the closed curves that 
touch the outer boundary and enclose the inner boundary of a doubly 
connected region. We leave it to the reader to compute the numerical 
value. 
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4-9 THE EXPLICIT FORMULA FOR 
EXTREMAL DISTANCE 


We return to the extremal distance do(/1,/2) introduced in Sec. 4-2. Our 
aim is to find an explicit expression for this conformal invariant, at least 
when the configuration formed by Q, Fi, and E,» is fairly simple. There 
is no generality lost in assuming that #, and F» are contained in the 
boundary of 2, for this will be the case if we replace 2 by a component of 
2 — (#,U E,). To avoid delicate discussions of the boundary behavior, 
we shall make the following assumptions: (1) 2 is a bounded region whose 
boundary consists of a finite number of Jordan curves; (2) £, and 2 are 
disjoint, and each is a finite union of closed ares or closed curves contained 
in the boundary of 2. Under these conditions there exists a conformal 
mapping of 2 on a region with analytic boundary curves, and the mapping 
extends to a homeomorphism of the closed regions. Since our problem is 
invariant under conformal mapping, we may as well assume from the 
start that 2 has an analytic boundary. 

We denote the full boundary of 2 by C, and we set Co = C — 
(2, U E,). Also, £;° and F,° will denote the relative interiors of H; and 
EH, as subsets of C; they are obtained by removing the end points. There 
exists a unique function w(z) in 2 with the following properties: 


?) wis bounded and harmonic in Q, 
i?) wu has a continuous extension toQ U £,°U F,°, which is equal 
to 0 on £,° and 1 on £,°, 
ait) the normal derivative du/dn exists and vanishes on C». 


This function is the solution of a mixed Dirichlet-Neumann problem. 
The uniqueness follows from the maximum principle which also guarantees 
thatO <u < 1inQ. The existence will be taken for granted. The reflection 
principle imphes that wu has a harmonic extension across Cy U £y°U 2°. 


Theorem 4-5 The extremal distance de(/1,/2) is the reciprocal of 
the Dirichlet integral 


0G) = i (ur? + uy?) dx dy. 
2 
PROOF If we rely on geometric intuition, the proof is almost trivial. 
Choose po = |grad u| = (uz? + u,?)?, and let y be an arc from Ef; to L2. 
Since |grad u| is the maximum of the directional derivative, we have at 


once 
f, eolde| > fi |du| > fq =, 
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and hence L(I',po) > 1 for the family I of joining arcs. On the other hand 
A(Q,p0) = D(u), and we conclude that dolfifs) = LW ,po)7/ At ne) = 
17a), 

It is the rigorous proof of the opposite inequality that causes some 
difficulty. If v denotes the conjugate harmonic function of 1, 1t.1s tairly 
evident that the lines on which v is constant are the shortest arcs in the 
metric po. The trouble is that v need not be single-valued, and for this 
reason the level lines are defined only locally. There is one such line passing 
through each point z with grad u(z) # 0, but the level lines branch at the 
critical points, namely, the points where grad wu = 0. We shall see that 
there are only a finite number of critical points, but even with this in- 
formation it is not at all obvious what the global behavior of the level 
lines will be. 

Postponing these difficulties, let us assume that 2 can be swept out 
by level lines v = ¢ which pass from £, to fo. We must allow for a finite 
number of sudden changes of ¢, but apart from these jumps the total 


increase in ¢ will be 
Ou 
J dv = - f — |{dz|, 
Ey Ei on 


where n is the outer normal. By Green’s theorem the integral of du/dn 
over the whole boundary is zero. Hence we obtain 


Ou Ou 
— — |dz| = ie a ldz| = i ue idz| = Deu), 


so that the increase in ¢ is D(2). 
Along a level line pp = du/ds, and the p length of the level line can 


be expressed as 
p 
ie pldz| = ete 
Po 


If p is normalized by L(T,p) = 1 we thus have 


i ? du el 
v=t po 


and integration with respect to ¢ yields 


ff “au adv Da), 
0 


where the integral is over a union of rectangles. But du dv = po dz dy, 
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and we thus have 


[f op dx dy > D(w). 
Q 


The Schwarz inequality gives 


Diu) < J J 2a ALO oh. 


and if the reasoning can be trusted we have shown that do(/,,22) > 
Dae. 


Before proceeding to a more rigorous proof we illustrate the method 
by some examples. Consider first a triply connected region 2 and let FH. 
consist of the outer contour while /; is composed of the two inner con- 
tours (ig. 4-6). 

In this case u is the ordinary harmonic measure, w = 0 on £,, and 
u = 1on ££», For small positive ¢ the level curve wu = ¢€ will be a pair of 
simple closed curves near /,, while « = 1 — e will be a single closed curve 
near £.. There is obviously a critical value wo such that the level curve 
u = Uo iS a figure-eight-shaped curve with a point of self-intersection. 
This points s critical point of iim thesense tlitae, = ye = 0. 

The figure-eight-shaped curve divides the region into three parts, 
each doubly connected, with w < wo in two of the regions and uv > wo in 
the third. As indicated in Fig. 4-6 we obtain a model of the triply con- 
nected region in the form of a rectangle cut up into three subrectangles 
and with identifications which make it resemble a pair of trousers. The 
total area is D(x). 

We now consider a slightly more complicated case. The region will 
again be triply connected and £, will consist of the inner contours, but 


6) A] 


E, 
FIGURE 4-6 
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2c 
ia 


IT] 


FIGURE 4-7 


this time EH» will be only a subare of the outer contour (Fig. 4-7). The 
family of level curves is similar to the one in the preceding example, but 
there will be an additional critical point on the boundary. As before we 
draw the level curves through the critical points and observe how they 
divide the region. There are three annular and one simply connected sub- 
region. The latter is mapped on a rectangle whose horizontal sides are not 
identified. The model resembles an unbuttoned pair of trousers. 

We are now ready for a valid proof in the general case. Iirst, the 
critical points are zeros of the analytic function wu, — tu,. We have already 
remarked that «has a harmonic extension across C') U 7, U EF». Therefore 
u, — tu, has an analytic extension from which it follows that its zeros, 
the critical points, have no accumulation points except possibly the end 
points of Fy; and HE». Let zo be such an end point, for instance, of £1. We 
ean choose a local conjugate v in Q near zo such that, on the boundary, 
u = Oon one side of 29 andv = 0 on the other side of zo. Then (uw + ww)? 1s 
real on both sides of zo, and by the reflection principle there exists a 
neighborhood V of zo and an analytic function g in V — {zo} such that 
og = (wu + wv)?inQQ V. Moreover, the real part of ¢ is symmetric across 
the boundary. Since Reg = u2 —v? <1 in QO) V, the same is true 
throughout V — {zo}. This proves that zo is neither a pole nor an essential 
sineularity of v. Consequently, y(2o) exists as a limit, and from the fact 
that «does not change its sign in 2 we are able to conclude that ¢ has a 
simple zero at Zo. Therefore y’(20) = 2(u + wv) (uz — tuy) ¥ 0, and uz — My 
must tend to © as z— 2o. Hence there are no critical points near 20, and 
the number of critical points ts finite. 

This having been established, let u; be the values of wu at the critical 
points in increasing order. We examine the subregions of © characterized 


IV 
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by ui < u(z) < wiz1, where, for example, wo = 0, u, = 1. Actually, these 
subregions may not be connected, in which case we consider the com- 
ponents separately. We are going to show that each component is of the 
type considered in our examples. 

For this purpose we need to compute the number of critical points. 
Let us assume that Q has m contours, and that E, and E> consist of arcs 
with a total of kh end points. The critical points are the zeros of u, — Wb 
each zero having a certain multiplicity. Let there be 1, critical points in 
the interior and x. on the boundary when counted with these multiplicities. 

We use the generalized form of the argument principle in which 
zeros and poles on the boundary are counted with half multiplicity. This 
means that 


; 1 h 
ia dame (u, — Wy) = (» oa 5 No — 7) ir, 


where the term —h/4 is due to the fact that vu, — iu, must be regarded as 
having half a pole at each end point of the £; and Es. Indeed, if zo is an 
end point, « + 7 ~ (2 — 29)? and uz — iuy ~ H(z — 20)7?. 

We allow ourselves to write w = wu + ivand u, — tu, = dw/dz even 
though w is not single-valued. It becomes clear that 


1 Cee = 4 J. dargdw — i dare dz 


in obvious notation. The first integral on the right is zero because arg dw 
is constant on each subare of C. The second integral measures the turning 
of the tangent and is therefore equal to (2 — m)2r. When the results are 
combined, we obtain 


h 
2ny + Ne = 2m — 4+ + 


In particular, if there are no critical points, we must have 2m + 
h/2 = 4. This allows for only two possibilities: (1) m = 1,8 = 4;(2)m = 
2,h = 0. The region is either a quadrilateral or an annulus, and these are 
precisely the cases that were considered above. 

We apply the result to a component of uj; <u < u41. There are no 
eritical points inside, nor on the part of the boundary of the component 
that hes on 44; \U 2. There may be, and usually are, critical points on the 
boundary, but at these points the boundary forms an angle, and the pre- 
liminary transformation needed to straighten this angle will cancel out 
the multiplicity of the critical point. The net effect is that our formula is 
still valid with 2; = n2 = 0, and we conclude that all subregions are 
quadrilaterals or annuli. The components of u; <u < uji1 can therefore 
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be mapped conformally on rectangles of width uiz1 — wu: and combined 
height D(u). Together they fill out a rectangle with sides 1 and D(u). 
After appropriate identifications we obtain a model of 2 with #, and FE» 
as vertical sides. From this model it 1s immediately clear that the euclidean 
metric is extremal, and we conclude that dg(ii,fo) = 1/ Ds): 


4-10 CONFIGURATIONS WITH A SINGLE MODULUS 


The term configuration will be used to designate a region bounded by a 
Gnite number of smooth curves together with a finite set of interior and 
boundary points taken in a certain order. Two configurations are con- 
formally equivalent if there exists a conformal mapping of one region on 
the other which maps the specified interior and boundary points on the 
corresponding points of the other region. The equivalence of configura- 
tions can be expressed through the equality of certain conformal invariants 
called moduli. These invariants can be chosen in various way, but their 
number is always the same. 

The number of moduli can be determined by mapping on a canonical 
region, for instance, on a parallel slit region. If the configuration has m 
contours, 7, interior points, and ne boundary points, it turns out that the 
number of moduli is 


N =3m —6+2m+ 22 +58, (4-12) 


where s = 0 except in five cases. Actually, s is the number of parameters 
in the family of conformal self-mappings. It is 3 for a disk, 2 for a disk 
with one boundary point, and 1 for an annulus and for a disk with one 
interior or two boundary points. 

We shall not be concerned with the proof or interpretation of formula 
(4-12). Our aim is rather to undertake a somewhat deeper study of the 
configurations with a single modulus. With s = 0 this will happen when 
3m + 2n, + no = 7. The possible cases are 


(1) m = 1 "= ne = 0 
(2) m = 1 n=l is = 2 
(3) m=1 n, = 0 it = 4 
(4) m = 2 ny = 0 ne = 1. 


In addition there is the case of the annulus withs = 1,m = 2 ie = ns = 0. 


Case 1 Simply connected region with two interior points We already 
have a conformal invariant, namely, the Green’s function g(21,22). Every 
other invariant must be a function of this one. It 1s nevertheless instruc- 
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tive to form other invariants and to compare them with the Green’s 
function. 


Case 2 Simply connected region with one interior and two boundary 
points A conformal invariant is the harmonic measure at the interior 
point of the arc between the boundary points. The same remark applies 
as above. 


Case 3. The quadrilateral We have already considered its modulus, 
which is the extremal distance between a pair of opposite sides. Another 
invariant can be obtained by mapping on a disk or half plane and forming 
the cross ratio of the four points. 


Case 4 Annulus with one boundary point The boundary point is of no 
interest since we can move it to any position by a rotation. Therefore this 
is Just the case of the annulus, and the modulus is the extremal distance 
between the contours. 


4-11 EXTREMAL ANNULI 


We take a closer look at Case 1 of the preceding section. Assume that 
the region is a disk and that 21, z2 are on a diameter. As a modulus we 
introduce \* = \(I’*), where ['* is the family of closed curves that sepa- 
rate z; and 22 from the circumference. Let s be the line segment joining 
21 to z. and denote by Ij the smaller family of closed curves that separate 
s from the circumference. Now we are dealing with an annulus, and we 
denote the conjugate extremal distance between s and the circle by 
No = (TG). There is an extremal metric po for the family I'¥, which is 
obviously symmetric with respect to s. 

Given y* € I'* we obtain a y5 of equal po length by reflecting part 
of y* across s. Although y¢ is not strictly contained in the annulus, it is 
clear that L(I'*,9) = L(T9,o0), and we conclude that \* = Ax. Note the 
crucial role of the symmetry. 

We can look at this result a little differently. Let c be any continuum 
that contains z; and z2. Let d, be the extremal distance from c to the circle. 
Then the maximum of d, is clearly a conformal invariant. On passing to 
conjugate extremal distances we have 


ioe N=) 


and hence d. < ds. In other words, of all continua containing 2; and z2 
the line segment is “farthest away” from the circle. 
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In view of conformal invariance the following is an equivalent 
statement: 


Theorem 4-6 (Grétzsch) Of all the continua that join the point 
R>1to © the segment [R,+<] of the real axis has the greatest 
extremal distance from the unit circle. 


The doubly connected region whose complement consists of the 
closed unit disk and the segment [R, + ©] is known as the Grétasch annulus. 
We shall denote its modulus, i.e., the extremal distance between the com- 
ponents of the complement, by A/(). This means that the Groétzsch 
annulus is conformally equivalent to a circular annulus whose radii have 
tlie ratio eo”. 

Another extremal problem of similar nature was solved by Teich- 
miiller [65]. 


Theorem 4-7 (Teichmiiller) Of all doubly connected regions that 
separate the pair {0,—1} from a pair {wo,%} with |wo| = AR the one 
with the greatest modulus is the complement of the segments [—1,0] 


and [R,+ ]. 


The proof makes use of Koebe’s one-quarter theorem (Sec. 2-38) and 
Koebe’s distortion theorem (to be proved in Chap. 5). Suppose that f 1s 
univalent in the unit disk and normalized by f(0) = 0, f’(0) = 1. The 
one-quarter theorem states that f(z) # wo for |z| <1 implies |wo| = +. 
The distortion theorem asserts in part that 


| al 
HOMES. 


In both cases there will be equality for the Koebe function 


z 
Fle) = 
In fact, fi(z) does not assume the value 7 and er" ley 2) or 


negative z. 

Let Q be the doubly connected region in the theorem, and /:; the 
bounded and E» the unbounded component of the complement. The set 
QU By is a simply connected region, and not the whole plane. By Rie- 
mann’s mapping theorem there exists a univalent function F in the unit 
disk A = {|z| <1} such that F(A) =2U E, and F(O) = 0. Because 
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F(z) ¥ wo, we may conclude by the one-quarter theorem that 
R = |[wo| > 4{F’(0)]. 


Let zo be the inverse image of ~—1, The distortion theorem yields 


: lal MC) Real | 
ae) = (1 — fol)? < (1 — je)? (4-13) 


Suppose now that Q is the Teichmiiller annulus with £, = [—1,0] 
and that Hy = [R,+ 0]. The mapping function is Fy(z) = 4Rfi(z), where 
fi is the IKoebe mapping, and z; = F,-1(—1) = fi-'(—-4), which is 
negative. Hence there is equality in both places in (4-13) when F is re- 
placed by F and zo by z;. We conclude that zo] > fail, for t/(11 — 2 ig an 
increasing function, 

We note further that the modulus of the original Q is the extremal 
distance between F-!(£,) and the unit circle. Given that 0 and 2, belong 
to F~'(#,) we already know that this extremal distance is greatest when 
F~'(E)) is the line segment between 0 and zo. The line segment is shorter 
and the extremal distance greater when Zo is replaced by z;. Hence the 
modulus is indeed a maximum for the Teichmiiller annulus. 


For the convenience of the reader Fig. 4-8 shows the Grétzsch and 
Teichmiiller annuli. It is clear that the Grétzsch domain together with its 
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reflection in the circle is a Teichmiiller domain, except for normalization. 
If the modulus of the Teichmiiller annulus is denoted by A(R), it follows 
readily that AZ and A are connected by the relation 


A(R? — 1) = 20f(R). (4-14) 


The nature of the functions J/(R) and A(z) will be discussed in the 
next section. For the moment we remark only that the value A(1) eam. be 
found at once. If R = I, it is in fact obvious that the part of the Teich- 
miiller annulus in the upper half plane is conformally equivalent to a 
square. Hence the extremal distance is 1 with respect to the half plane 
and 4 with respect to the full plane. Thus A(1) = 3, a special case of tne 
more general relation A(R)A(/R) = 4, the proof of which is left as an 
exercise. 


Corollary Every doubly connected region with modulus >» con- 
tains a circle which separates the components of the complement. 


For the proof we may assume that the bounded component £, has 
diameter 1 and that the points 0 and —1 belong to Ey. If the assertion 
were not true, Ez would meet the circle |2| = 1, and by the theorem the 
modulus would be <A(1) = ¢. 


4-12 THE FUNCTION A(R) 


The theory of elliptic functions makes it possible to find an explicit ex- 
pression for A(/?), or rather for its inverse function. Such computations 
are not as popular as they used to be, and for the convenience of the 
reader we shall reproduce some details. 

Recall that the Weierstrass @ function with period basis 1, w2 1s 


defined by 
i 1 1 
Os Pen raat 2 ea 4-15 
P@) 2 as » @ =o) , ae 


w#O0 


where w ranges over all periods except 0. It satisfies the differential 
equation 


9’ (2)? = 4) — allP@ — ellP@ — esl, (4-16) 


with e1 = @(w:/2), e2 = @(w2/2), es = Piller + ws) /2]. This relation is 
proved by comparing the zeros and poles on both sides of (eel 
particular, the values é:, é2, @3 are assumed with multiplicity two. It fol- 
lows that they are distinct, for if two were equal p would assume the same 
value four times. 
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We shall choose w; = 1 and we = 27A, with A = AC), the modulus 
of the Teichmiiller annulus as described in the preceding section. It is 
quite obvious from (4-15) that the @ function is real on the real and 
imaginary axes and on their parallels translated by half periods. Thus 
€1,€2,e3 are real, and the @ function maps the perimeter of the rectangle 
with vertices 0, wi/2, (w1 + we)/2, we/2 on the real axis. It is easy to see 
that the rectangle is in one-to-one correspondence with either the upper 
or the lower half plane. Examination of the behavior near z = 0 shows 
that itis the lower half plane. The points ~ ,é1,¢3,e2 must follow each other 
in positive order with respect to the lower half plane so that e2 < e3 < ¢1. 
The segments [e1,+ ©] and [e2,e3] correspond to the horizontal sides of 
the rectangle and thus have the extremal distance 2A with respect to the 
half plane and A with respect to the full plane. Hence  ,e1,¢3,e2 correspond 
by linear transformation to «,f,0,—1, so that 

io LS (4-17) 
es = .€2 

Our task is to express F? in terms of A. For this purpose it is sufficient 
to construct an elliptic function / with the same periods, zeros, and poles 
as [O(z) — ei]/[M(z) — e2]. Indeed, it is then clear that 


F {wr + o:)/2) 
F(O) 


It is convenient to use the notation g = e~°*+. We shall verify that 
the function 


 —— 


oe 


F(z) Z | (1 + Gee ee | (4-18) 
(1 am gi tee Geb le- ee) 


= Se 


has the desired properties. First, the product converges at both ends 
because g <1 and because each factor remains unchanged when 7 1s 
replaced by —n and z by —z. It has trivially the period 1, and replacing z 
by 2 + 27A amounts to replacing n by n — 1 so that 274 is also a period. 
Finally, the zeros and poles are double, and they are situated at pomts 
congruent to $ and 7A, respectively. 

When substituting in (4-18) we separate the factor x = 0 and change 
negative to positive. After a slight reordering of the factors one finds 


ro = ~49 1] (>= 45) 


' lie 


n=1 


Gay ae ne i) 4 i) 
(ae | ae ; 
( 2 IE 4 I ( | Some 


1 
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ee eer 
and finally i (=) : (4-19) 
us 


A similar computation leads to 


oi, ep Ne ee _ 
R+1= = — —=— ). 4-20 
2 €3 — €2 16q lI ( ] — ge ( ) 


n=1 
In particular, (4-19) and (4-20) give the double inequality 
1GR < es® < 162 + 1). (4-21) 


This is a good inequality only when & is large. For small & it should be 
combined with the identity A(R)A(R-?) = ¢.- 


4-13 A DISTORTION THEOREM 


The integral inequality (4-6) becomes much more useful when combined 
with estimates similar to the ones derived in the preceding section. The 
distortion theorem that we are referring to was originally proved in 
Ahlfors’ thesis [2] by use of the area-length principle together with some 
differential inequalities. It was actually for the purpose of simplifying this 
proof that Teichmiiller [65] proved Theorem 4-7. 

We return to the situation discussed in Sec. 4-5, but this time we 
regard Q as part of a strip that may extend to infinity in both directions 
(Fig. 4-9a). Let the whole strip be mapped conformally on a parallel strip 
of width 1. Figure 4-9) shows the rmages E,, Ey of Ey, £2, and the meaning 
of the numbers a and @ as a maximum and minimum. The problem is to 
find a lower bound for B — a. 

Since we already possess a best possible lower bound for the extremal 


FIGURE 4-9 
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distance d(E;,f2), and since d(F1,E2) = d(£;,E;) by conformal invari- 
ance, what we need is an upper bound for d(£j,E,) in terms of 8 — a. An 
exponential would map the parallel strip on the whole plane, but the dis- 
advantage is that BE, and FE, would not be mapped on closed curves. 
Teichmiiller overcomes this difficulty by the simple device of first reflect- 
ing the parallel strip across one of the boundary lines, for instance, the 
real axis. The union of 2’ and its reflected image lies between two sym- 
metric curves £\, E5 whose extremal distance in the double strip is 
3d(Ej,E5). The exponential e maps £, and EF on closed curves C1, C2 as 
shown in Fig. 4-10. Although they appear originally as opposite sides in a 
quadrilateral, they may also be regarded as contours of an annulus, and 
because of the symmetry their extremal distance is the same in both 
cases. We conclude from these considerations that d(C1,C2) = 4d(41,F»). 

Now we apply Theorem 4-7. The curve C; encloses the origin and 
passes through a point at distance e™* from the origin. C2 separates Cy 
from © and contains a point with absolute value e7®. Except for a nor- 
malization this agrees with the situation in the theorem. We obtain 
d(C1,C2) < A(e™4-”) and have thereby proved Theorem 4-8. 


Theorem 4-8 The mapping illustrated in Tig. 4-9 satisfies 
b dV 
JA (eae) | 4-22 
ie (4-22) 


This inequality is the best possible, equality occurring when Q is a 
rectangle and /}, ; are half lines extending to infinity in opposite direc- 


FIGURE 4-10 
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tions, one on the upper and one on the lower boundary of the parallel 
strip. For practical purposes 1t is better to replace (4-22) by a shghtly 
weaker consequence: 


Corollary If ie ic /0) = =, then 


d il 
| aie: (4-23) 
O00)  F 
We need only recall that A(1) = 3, so that the assumption together 
with (4-22) implies e™@-@) > 1. But (4-21) gives A(R) < (1/27) log o2k 
if R > 1, and (4-23) follows. 


4-14 REDUCED EXTREMAL DISTANCE 


The extremal distance between two sets will tend to » if one of the sets 
shrinks to a point. It may happen, however, that the difference between 
two extremal distances tends to a finite mit. 

We assume again that 9 is bounded by a finite number of analytic 
curves. Let E be the union of a finite number of closed ares on the bound- 
ary. For a fixed zo € 2 we denote by C’, the circle and by A, the disk with 
center zp and radius r. For A, C 2 we let d(C,,/) be the extremal distance 
with respect toQ — A,. If 7’ > r, the composition law (4-2) yields d(C,,£) 2 
d(C,,E) + (1/2m) log (r’/r), for the second term is the extremal distance 
between the two circles. This inequality shows that d(C,,£) + 72m ley 
is a decreasing function of r. Hence lim,—o (d(C,,E£) + (1/2) log r] exists, 
and under our assumptions it is finite, for if Q C Ag then CG es 
(1/2) log (R/r). We denote this limit tentatively by d(zo,/). This number 
could serve the same purpose as an extremal distance, except for two 
drawbacks. First, it need not be positive, and second, it is not a conformal 
invariant. Both disadvantages are removed by forming the quantity 


6(20,/) = d(z0,f) a d(z0,C’) (4-24) 


where C is the whole boundary. That 5(zo,/) > 0 is immediate from the 
comparison principle. That it 1s also a conformal invariant will emerge 
from the discussion that follows. 

We shall call 6(zo,Z) the reduced extremal distance between Zo and Ls, 
We wish to relate it to other invariant quantities. Por this purpose we 
solve a mixed Dirichlet-Neumann problem to obtain a harmonic function 
G(z,z0) with a logarithmic pole at Zo, which is zero on F and satisfies 
aG/dn = 0 on the rest of the boundary. G(z,20) exists and is unique if we 
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add the condition that it be bounded outside a neighborhood of 2. The 
behavior at Zo is of the form 


G(z,20) = —log jz — zol + y(Z) + (2), 


where y(£) is a constant and ¢(z) > 0 as z— 2. In the special ease in 
which #& is the whole boundary G(z,zo) 1s the ordinary Green’s function 
g(z,20), and y(C) is the Robin constant relative to 2p. 

We need to estimate d(C,,/) for small r. Let @ denote the maxi- 
mum and 8 the minimum of G(z,zo) when z € C,. Then the level curve 
La = {2; G(z,20) = a} will lie inside C, while Lg lies outside C,. The com- 
parison principle yields 


d(Lg,E) = d(C,,E) = ad\ lag, Ht). 


But we know by Theorem 4-5 that d(l,,£) = 1/D(u), where u = G/e 
and the Dirichlet integral is extended over the region between La and C. 
Since D(G/a) = a-?D(G@) and 
0G dG 
ees nevietsan = eeeole a) 
DG) = [> Ideal =f, S Idel = 2a 

we obtain d(C,,£) < a, and similarly d(C,,£) > 6/27. 

From the development of G(z,zo) it follows that @ and 6 are both 
of the form —logr + y(#) + e(r). Hence d(C,,E) = (1/2r) [—logr + 
yUt) + €(r)] and we conclude by (4-24) that 


O20) eye) (0). (4-25) 


ii 
5, | 
Incidentally, this proves that y(C) < y(#). Also, the way G(z,2o) and 
g(z,2o) change under conformal mapping makes it clear that the mght-hand 
side in (4-26) is a conformal invariant. 

The result gains in significance if we show, as we shall, that 6(2o,/2) 
solves an extremal problem which is similar to, but still fundamentally 
different from, the problem of extremal distance. 


Theorem 4-9 The number 1/6(zo,/) is the minimum of the Dirichlet 
integral D(v) in the class of functions v with the following properties: 


2) vis subharmonic and of class C! in Q; 
71) v has a continuous extension to C; 
wr) ve) < 0 on Leand v(Zo) = 1. 


The similarity to extremal distance is seen by considering p = |grad v}. 
Indeed, we have f,pldz| > 1 for all arcs y that join z) and /. For the 
family T° of such ares we thus have L(I',p) > 1 while A(Q,p) = D(?). 
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Therefore while L(I',p)?/A(Q,p) becomes arbitranly large when p varies 
over all metrics, the theorem tells us that the maximum is 6(20,/7) when p 
is restricted to be the gradient of a subharmonic function. 

For the proof we compare v with the function G — g. If v has a 
finite Dirichlet integral, it is not difficult to show the validity of the 
formula 


| ald — 9) ati ag | 
DQv,G a g) = [oe lee al Wie |dz| = oe |dz|. (4-26) 


The first integral on the right has a nonnegative integrand, for v < 0 and 
aG/dn <0, because G > 0 inside the region and G = 0 on E. The second 
integral is a generalized Poisson integral and is equal to 2m times the value 
at zo of the harmonic function uw with the same boundary values as v. 
Because v is subharmonic, we have v(zo) < u(Zo), so that 


Og(Z,2 
— ip v ag (2,20) |dz| > 2rv(zo) = 2a. 
Cc On 


We conclude that DWv,G — g) = 2r. 
On the other hand, @ — g is harmonic throughout &, and we obtain 


a(G — g) 


DG — 9) = [, (@ - 9) le 


Or 
= — f,@- 9) S |ae| = alr) — 10) 
n 


because y() — y(C) is the value of G — g at Zo. Now the Schwarz in- 

equality gives 4a? < Dv,G — 9)? S D@)D(G =9) = 2alyGD — O12 @), 

and in view of (4-25) we have shown that 1/D() < 6(20,£). The upper 

bound is reached, namely, for a constant multiple of G — g. The function 

(2,20) _ g(z,Z0) 

yo) = Ve) 

does in fact satisfy conditions (7) through (777), and Ds oe) 

Theorem 4-8 should be compared with Theorem 2-4. The latter is a 


special case and implies that the reduced extremal distance between the 
origin and a set / on the unit cirele is equal to —(1/m) log E. 


12S 


EXERCISES 


1 For any are y let 7 denote its reflection in the real axis and let yt be 
obtained by reflecting the part below the real axis and retaining the 
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part above it. The notations [ and I+ are self-explanatory. If PF = Pf, 
show that A(T) = 3A(1"*). 
2 Find the maximum extremal distance between an arc on a circle and a 
continuum that joins the center to the circumference. Show that its value 
can be expressed in terms of the function A. 
3 Let the sides of a triangle be numbered. Find (1) when I consists 
of all arcs that begin on side 1, touch side 2, and end on side 3. 

As. rx) = 2, 
4 Given two points a and b, let I be the family of figure-eight-shaped 
curves with winding number 1 about a and —1 about b. Show that 
A(T) = 4. (Make use of the preceding exercise. The corresponding question 
for an arbitrary triply connected region is open.) 
§ Find the extremal length of the nondividing closed curves on a \6bius 
band. (Use the remark in the last paragraph of Sec. 4-4.) 


NOTES The articles by Gr6étzsch are from the period 1928-1934, 
and they were all published in Verhandlungen der sdchsischen Akademie 
der Wissenschaften, Leipzig. Because of the relative obscurity of this jour- 
nal, 1t was a long time before Grétzsch’s work became generally known. 

The definition and underlying idea of extremal length were first con- 
ceived by Beurling, presumably in 1943-1944. They were first made public 
at the Scandinavian Congress of Mathematicians in Copenhagen, 1946, 
in parallel papers read by Beurling and by Ahlfors [1]; Beurling’s paper 
never appeared in print. The first systematic account was given in a joint 
article in publications of the Bureau of Standards in 1949, but the best 
known version 1s in Ahlfors’ and Beurling’s article on function theoretic 
null sets [2]. 

Because of this history Ahlfors has sometimes been given partial 
credit for the discovery of extremal length. A more justifiable claim would 
be that of codeveloper. 

An acccunt based on Ahlfors’ lectures at Harvard University and in 
Japan in 1957 has been published in Ohtsuka’s recent book [48]. 

Theorems 4-5 and 4-6 are almost certainly due to Beurling. 

The connection between prime ends and extremal length was ex- 
plored by E. Schlesinger [5s]. 
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ELEMENTARY THEORY OF 
UNIVALENT FUNCTIONS 


5-1 THE AREA THEOREM 


An analytic or meromorphic function in & is said to be wrivalent or schlicht 
if f(z) = flze) only when z1 = 2. We shall deal only with the case m 
which 2 is simply connected. In fact, we assume 2 to be a circular region. 
There are two standard normalizations: 


1) f ES if f is univalent and holomorphic in |z| <1 with the 
development 


f(z) = 4g See? spe Gea 8 Rtg 
2) F Gif F is univalent in |z| > 1 with the development 


b be 
a 2 ie aa 


pak 
The famous coefficient problem is to find necessary and sufficient 


conditions for a, and b,. Bieberbach’s conjecture |a,| <n has been proved 
ire? = 204.0,0- 
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The following theorem its known as the area theorem. It was first 
proved by Gronwall [23] and rediscovered by Bieberbach [7]. 


foo) 


Theorem 5-1 All F € & satisfy » Mla = 1; 


1 


PROOF Let C, be the circle |z| = p > 1 with positive orientation, 
and set 


1 ' 
IAF) = 5 [. Pav. 
If F = u + w and if T, denotes the image curve of C,, we have 


Lay = ifs u de, 


and by elementary calculus this represents the area enclosed by T,. Hence 
ey 
Direct calculation gives 


io] 


a= ; ie (2 i ) yz”) (1 - d nbz") di 
= : a (2 ++ ) be”) (: = ) nbn”) d6 =a | 0° = y n|D,, 


1 


apn | 


foo) 


Thus , n|bn|2o72" < p®, and the theorem follows for p => 1. 
1 


A particular consequence is |bi{ < 1, and this its sharp, for z + e8/z 
is schlicht. It is clearly the only case of equality. 


Theorem 5-2. All f CS satisfy |a2] < 2 with equality only for the 
so-called IXoebe functions f(z) = 2(1 + e%8z)-*. 


PROOF An obvious attempt is to pass from f € S to F(z) = f(z)! 
+ a,.€2Z whose development begins with F(z) = 2+ (a2? — a3)z7! 
+ +++. Theorem 5-1 gives |a.? — a3! < 1, which is interesting, but not 
what we want. 

We employ a famous device due to Faber. Because f(z)/z 1s holo- 
morphic and +0, we can define h(z) = [f(z)/z]?, h(O) = 1, and subse- 
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" 


quently g(z) = zh(z”)?. The function g is univalent, for g(@1) = g(22) 1m- 
plies f(z:2) = f(ze”), hence 21 = 22 Or 21 = —22; the latter is ruled out 
because g is odd and #0 for z # 0. The development of g is g(z) = 2 
4+ Jag? + +--+. The preceding result yields |a2| < 2. 

For equality we must have |bi| = 1 in the area theorem, hence 
F(z) = g(z)7! = 2 + eF2"", which leads to fe) =21 2). Phe 
Koebe function maps the unit disk on the complement of a_ slit 
{lw| > 4, argw = —B}. The coefficients of the Koebe function satisfy 
lan| = n. 


The inequality |a2| < 2 leads immediately to upper and lower bounds 
for |f(z)| and |f’(z)|. These estimates are collectively known as the dis- 
tortion theorem. 


Theorem 5-3 The functions f € S satisfy 


lal + lel)-? < If@] S lel — [eD* (5-1) 
f= leh ep = eS Ue ee ete 


with equality only for the Koebe functions. 


proor Consider f(7Tz), where T is a conformal mapping of the unit 
disk onto itself. The function fo 7 is again schlicht, but not normalized. 
We have 


(fe Py = (fe DT 
(fo Ty! = (fle TT? + (fo T)T" 
and the Taylor development at 0 is 
foT = f(10) + f(TO)T"0): 
+ ELI (TO)T" (OY + S(LOP "Oe + 


Theorem 5-2 yields 


i (EO) 130) 
At ro) +a | S4 
; (70) ee (0) 
We choose Tz =@ POGU+ > wal [f)< 1. Then LO=a5, 
TG Sh ery = —2¢. The inequality becomes 
‘ ae 4 
ma) _ —3_| < ——_.. (5-3) 
fe egy | tee 
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Define log f’(z) so that log f’(0) = 0. Integration of (5-3) along a radius 


ylelds 
pa v = 2| _ ddr 
ree a 


log f*@) — fe 


and hence 


1 eee 1 1 + {z| 
log ———— — 2] < log |f’(z)| < log ——— + 2 loge 
ee coreeaien ee) ee aera =e 

This is the double inequality (5-2). 
Irom (5-2) we have at once 
nol ote | 
f@)| s Ve 
He fr (1-7) Oe 


which is the upper bound in (5-1). To find the lower bound, let 1 (7) 
denote the minimum of |f(z)| on |z| =r. The image of |z| <r contains 
the disk |w] < m(7). Therefore, there exists a curve y from 0 to |z| = 
such that 


m(r) = f [f"@)| ae. 


Since y intersects all circles |z| = p <r, the lower bound for |f’(z)| leads 
to the desired estimate 


7 p r 
Cr 
Por equality to hold it is necessary to have equality in (5-3) on the 
radius from 0 to z, and hence in particular at 0. This means that lae| = 2, 
and f must be a IXoebe function. 
As r— 1 the lower bound for |f(z)| tends to 4 


Corollary The image of the unit disk under a mapping f © S con- 
tains the disk with center 0 and radius 4 


This is Ioebe’s one-quarter theorem, which we already proved in 
See, 2-3 as an application of capacity. Koebe did not give the value of 
the constant. 


5-2 THE GRUNSKY AND GOLUSIN INEQUALITIES 


A function is said to be m-valent if it assumes each value at most 22 
times. Theorem 5-1 can be generalized to this situation. 
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Theorem 5-4 If F is analytic and m-valent for |z| > 1 with a 
development 


F(z) = y baz? dim ¥ 0, 


co m 


then . bs? = > en (5-4) 
1 1 


For the proof we need to know that I,(F) is still positive. This fact 
is not as obvious as before, and we prove it as a separate lemma. 


Lemma 5-1. If Fis m-valent for |z| > 1 with a pole of order mat ©, 
then 


i ; 
Co = ie Rie Ss 0: 


proor Civen w ¥ @ let n(w) be the number of roots of F(z) = w 
in |z| > p. Assuming that F ~ won C, we have, for large A, 


n(w) = 


inte ae 7 
R—-Cp Ff — w Ini JCo F — w 


ae ak ~ 6-8) 
pe oa) eee | eal 1 


) 


i! dF ] dF 
I. 


2a 


and hence 


Choose M greater than the maximum of |F(z)| on C,. We integrate 
(5-5) with respect to w over the disk |w| < J/. The triple integral 1s 
absolutely convergent, and since the image of C, covers only a null set, 


we obtain 
1 du dv . 
Oni I Co ( J ae) ae Ce =a ee (5-6) 


The double integral is calculated in standard fashion: 


dud 
ee = 


lwil< AM lwl<l 


dw dw 
F—-— w 


L wdw Uap ve cle 
=-<| +lims |, : 


jw] = VM F ——_ w EG 4 w—F =e PF — Ww 


Lo] ~. 


The first integral vanishes as seen by setting Ww = M?2/w, and the second 
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has the limit rf’. Hence 


ju|<. 
and substitution in (5-6) yields 7,(F) > 0. 


The theorem follows from the lemma by explicit calculation of Ll); 
exactly as in the proof of Theorem 5-1. In our new notation we find 


ic) 


y n|Dn 


TN 


elk 


Separation of the positive and negative terms yields Theorem 5-4. 


Corollary With the hypothesis and notation of Theorem 5-4 it is 
also true that 


mn m 


S Oe (ies) S n|b_»|2. (5-7) 
1 1 


The theory of m-valent functions is less interesting than that. of 
univalent functions. For this reason ihe main importance of Theorem 5-4 
1s to serve as a tool for the study of univalent functions. Let P, be an 
arbitrary polynomial of degree m. If F € S (univalent with pole at «), 
then P,,(/’) is obviously m-valent with a pole of order m at 2. Therefore, 
the coefficients of P,,(F) satisfy (5-4) and (5-7). In this way we obtain a 
great deal of information about F, albeit in rather implicit form. In the 
exercise section of this chapter we shall show how to translate this in- 
formation into explicit inequalities. The inequalities that arise from (5-4) 
are known as the Golusin inequalities. The Grunsky inequalities, which 
were discovered earlier, are easy consequences of (5-7). 


5-3 PROOF OF |a,| < 4 


The inequality [ay] <4 was first proved by Garabedian and Schiffer [21]. 
Later Charzynski and Schiffer [14] made the important discovery that 
la;] <4 can be proved directly, and with much less work, from the 
Grunsky inequalities. We shall follow their lead, but we shall use (5-4) 
Favher hein (5-7 }, 
Let 
P(g) = 2+ byz7! + bez-3 + bse +e (5-8) 


be an odd univalent function in |z| > 1, and set 


Free = 2 + ¢_42 +. C27) + ¢,2-3 at 
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The coefficients are 
CaS 3b, 
Ce Sine + 3b3 (5-9) 
Ca = b,3 + 6b1b3 + 3b3. 


We introduce 2 complex parameter ¢ and apply Theorem 5-4 to the 
function F(z)’ + tF(z) which 1s 8-valent with a triple pole. This gives 


|tbi = e,|? ie 3\tbs Ss c3\° — |¢ ae Cail? + 3, (5-10) 
and after rearrangement, 


(1 — Jbl? — 3]bsl2)|d? + 2 Re ta — bier — 3b2€+) 
+34 Vena? ae lea? = 3\csl? = 0. 


We already know from the area theorem that the coefficient of |¢/? is 
nonnegative. In addition, the positive definiteness of the Hermitian form 
implies 


|é_1 — bid: — 3bs3@3]? 


< (1 — |bil? — 3[bs|?)(38 + |c_1|2 — lea]? — 3|es|?). (al) 

We conclude that cs lies inside a certain circle: 
lcs — w| Sp. (5-12) 
To find explicit expressions for and p we bring (5-11) to the form 


bale — Bier) | _- = [bal? = Slbal?)3 + eal? = les!) 


C — 
1—[rij? | — Spas ies 
- leei — bica|? |b3|7}c-1 — byea|* 
3(1 — |ds|*) (1 — |bil?)? 
With the aid of (5-9) we thus have 
3b1b3" 
= 3by = ae j-13 
w 103 ee iba? (5-13) 
and on using the identity 
leo-a — biel? — [bic — eal? = (lel? — lal) CQ — bil"), 
it turns out that p has the surprisingly simple value 
1 — |bi|? — 3]b3|? 
= 1 = bil? — 3lbsl?, (sai) 


Loa 
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Now let f(z) = 2+ a2? + --- be univalent in |z| <1 and form 
F(z) = f(z-*)?. Then F is univalent of the form (5-8), and the relations 
between the coefficients are 


ag = —2b, 
a= — 2b; + 3b; 
aq = — 2b; + 6b,b3 ay 4,3. 


Irom these relations together with (5-9) and (5-13) we obtam 


3b1b3? 
C39— @ = —3a; oa 5b,3 - 125,63 + — 
P= |bi, 
and by (5-13) and (5-14) 
10 2b1b3° 2 2|b3|? 
< | — by — 8b\b3 — ————— -— ———: Das 
a4] S 3 1 103 7 ib)? 3 ee bi? (5-15) 


If 6b; = 0, there is nothing left to prove, and if b; + 0, we can write 
bs; = sb\*. With this notation (5-15) becomes 


5\ 1 — Ibil? 
2 4 eat ae eee 
el (: ;) [ba |? 


2|b,/5 
Mea 


_ 2lstPals 


2 
<< = 
a 3 1— (bP 


(5-16) 


We need an estimate for the absolute value of the quadratic poly- 
nomial in the first term on the right. With simpler notations we shall 
show that 


2 
is? + 2s — Bl? <1 + r (|s|? + 8)2, (5-17) 


provided that @ is real and 6 > 0. To see that this is so we set Res = u 
and observe that Re s? = 2u? — |s|*, We obtain 
|s? + 2as — Bl? = [s|* + (4a? + 28)|s|? + 6? + ta(ls|? — B)u — 4Bu?, 


and (5-17) follows on replacing the right-hand side by its maximum for 
variable wu and fixed |s|. 
We apply (5-17) to (5-16) and find 


A\bil2 (12 — Tidal), 
las| < oars) (|s/°|b1 


2|s|[bi/* 


y) 
u oh ees Shale = oe 
+3 g (Pal ats 1 — {b,|? 


In this formula the expression on the right increases with |s| because 
lbs] < 1. We replace |s|? by its upper bound 4+(1 — |ba|*){bal7* and find 


a ey. 


|a4| — 3 


- 


oO 
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On setting 1 — |bi|? = A, the final inequality reads 
laal? <= (6 = aA)? PA) = 16 — $$\ — 4d2(59 — 35d) < 16. 


We have proved a little more than las| < 4, for instance, 


16 — jail? > 84 — Ia: 


a (5-18) 


NoTES The passage from the area theorem via |a2| < 2 to the dis- 
tortion theorem was first pointed out by R. Nevanlinna [47]. It has been 
generalized to classes with io) a 

The article with the Grunsky inequalities 1s Grunsky [23]; actually, 
it covers 2 much more general situation. The best reference to Golusin ts 
his textbook (Golusin [22]). Golusin’s method, with some variations, can 
also be found in Jenkins [33] and Pommerenke [52, 53]. An excellent 
aecount on Faber polynomials is Curtiss RLGle 

The proof of (5-LS) has appeared in a Russian publication honoring 
MI. A. Lavrentiev. 


EXERCISES 


PO Pe) = 24> y b,2z-" is analytic for |zj > 1, show that 
1 


an 5 
a = ae 
LAG) ne 
0 

where the P,, are polynomials of degree m™ with leading coeffitient 1. 
The development is valid in a neighborhood of ¢ = *, which depends 
on w. 

The P, are known as the Faber polynomials associated ie. 
2 Under the same conditions, prove carefully that for n suitable branch 
of the logarithm there is a development of the form 


pSOaFO 5 igen 


m=ln=1 


valid for sufficiently large |¢ 
Deduce that 


and ||. 


Pr 2) Soe ze Mm * ee uae 


n=! 


ELEMENTARY THEORY OF UNIVALENT FUNCTIONS 91 


Prove further that P, is the only polynomial P such that the singular 

part of P|F(z)] ato reduces to 2”. i 

3 «Assume / to be univalent. Apply Theorem 5-4 to P = y i UP, 
k=l 


with arbitrary complex ¢ to obtain 


y n | 5 Diente |? < : eae (Golusin) 

n=1 k=] k=1 

| Re . Dintetn | — > eae tale (Grunsky). 
kn=1 k=1 


4. Show conversely that F is univalent if all Golusin or Grunsky in- 
equalities are fulfilled by proving that the series in Exercise 2 converges 
forvall (¢| > 1, (2z| > 1. 


6 


LOWNER’S METHOD 


6-1 APPROXIMATION BY SLIT MAPPINGS 


It was a remarkable feat of Lowner to prove las) < 3 in 1923 avhem 
nothing was known about univalent functions beyond the most elementary 
results. It seems to be an experimental fact that the Grunsky inequalities 
are of no use for odd coefficients. Léwner’s method is quite simple, but 
slightly delicate. Its usefulness goes beyond proving coefficient inequalities. 

We may assume that f(z) 1s univalent and analytic in the closed unit 
disk. For the moment we abandon the normalization f’(0) = 1 and require 
instead that |f(z)| < 1 for jz} < 1, f(0) = 9, and f’(0) > 0. The image 
B is thus contained in the unit disk. We approximate B by a one-parameter 
family of simply connected subregions of the unit disk obtained by omit- 
ting a slit which begins on the unit circle, leads to 2 boundary point Ole, 
and then follows the boundary, stopping short of the initial point of 
contact (Fig. 6-1). The equation of the slit is written as w = y(f), O< 
t < to, where y is continuous and one to one. The region B, is the comple- 
ment of the are y[0,é] with respect to the disk. The slit closes up for f = fo 
so that B,, = B. Note the discontinuous change in B, when (> fo. 
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FIGURE 6-1 


A(t) 
A(T) 


FIGURE 6-2 


Let fi(z) be the Riemann mapping function from |z| < 1 to B,; with 
f(0) = 0, f,(0) > 0. We know from the theory of boundary correspond- 
ence (Sec. 4-6) that f, has a continuous extension to |z| <1, and that 
there is a unique point A(é) on |z| = 1 with fA] = 7(@O, the tip of the 
shit. 


We proceed to establish some continuity properties. Consider two 
Palameter values (and? with? < 7 <4). The iuwciom i, — 7, esc 
defined and univalent in |z| < 1, and it has a continuous extension to the 
closed disk. The reader should convince himself that the mapping by /;, 1s 
as indicated in Fig. 6-2. In words, the unit circle is mapped on itself, 
except for an are 6, = f—'(y|1,7]) which 1s mapped onwelit S,, = fr lir]): 
If 7 is fixed and ¢ increases to 7, it is immediately clear that 6, closes down 
on the point A(z). Similarly, if (is fixed and 7 decreases to ¢, the slit S,, will 
be shortened until it shrinks to A(d). 

The case 7 = fo needs separate consideration. It 1s seen that 


by, = Sig (vt,tol) 


is still an are on the unit circle which shrinks to its end point (to) as 
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t 7 to. Its image Su, is no longer a slit, but an are with one end point at 


d(2). 


Lemma 6-1 |f;-(w)| is strictly increasing and f,(0) is strictly de- 

creasing as functions of ¢. 

proor This is immediate by Schwarz’s lemma. Indeed, since 
Jter(2)| <1 for jz| < 1 and h,,(0) = 0, we have |hi-(z)| < |z|, which is the 
same as |f-1(w)| < |f--(w)|. For w = 0 this becomes [Oso ar 
both cases equality is excluded because fi, is not the identity mapping. 


Lemma 6-2 f,(0) and f;-!(w) are continuous on the left. 


Consider the Poisson-Schwarz representation 


Ome 


lo 
5 zZ Qa 


2a ge ; 
I paar log |hu,(e*)| dd. (6-1) 


co 2 
The integrand is zero except on 6,, and on setting 2 =f, '(w) we find 


fr) 1 he i 0), . 
log —— = = fr 108 hele) | 8. 6-2 
” f-(w) Qe Jor ef? — fw) og |hir(e")| (6-2) 


For w = 0 this becomes 


fO) 1 


OS er ee 
710) 24 


ie log |Nu(e!®)| dd. (6-3) 


We know from Lemma 6-1 that f/ (0) has a limit >f.(0) as ¢ increases 
to r. We denote this limit by e*f,(0) so that a > 0 and, according to 6-2, 


Hee 

lip), log ie) do = =a. (6-+) 
pre tT 

Because 4,, shrinks to a point, comparison of (6-1) or (6-2) with (6-4) 

shows at once that 


lim h,,(z) = 2 exp | —a Nat? |. (6-5) 
LAr Ca) Maer 
As a limit of univalent functions the function on the right is either uni- 
valent or constant. If a > 0, neither is true, for then the function tends 
to 0 as z—> Xr) radially. Hence a = 0, and we have proved the left 
continuity of f,(0). At the same time (6-5) becomes 


lim h,,(2z) = 2, (6-6) 
tAr 
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which is equivalent to f,-!(w) — f,-!(w) for all w € B,. Note that the proof 
needs no change if r = fo. 

The proof also shows that (6-6) holds uniformly on every closed 
subset of |z| < 1 that does not include (7). 


Lemma 6-3 /;(0) and f-(w) are continuous on the right. 


This time we keep ¢ fixed and let + decrease to ¢. Since S,, shrinks to 
a point, iz) = fe Lf] 1s ultimately defined in any disk |¢| <1 — «, 
(<< = lo schwarz slemmaaives te (0) | <1 — e) UC], or | a 
(1 — 6)“ /f.-!(w)|. Since we already know that |f-— | < |f,-‘|, the right 
continuity of |f;-!| has been proved. That of f;-! follows routinely, for 
instance, by use of the Poisson-Schwarz representation. 


Lemma 6-4 S,, approaches \(7) as ¢/7 7, and 6, tends to A(t) as 


tt. 


This is best proved by use of the argument principle. Observe first 
that A;, and f,,~! can be extended by symmetry across the unit circle, one 
to the full complement of 6,,, the other to the complement of ,, and its 
reflection. Let C, be a circle with center \(7) and small radius e. We have 
already remarked that h.,(z) tends uniformly to z on any closed set that 
does not contain \(r). This is also true for the reflected function, and thus 
on all of C.. When ¢ is close to 7, the image of C, will lie close to C,, for 
instance, inside the circle with center \(7) which passes through a given 
point ¢ outside C,. The image curve therefore has a winding number zero 
about ¢, and it follows that A, — ¢ has as many zeros as poles outside C,. 
Since there is a pole at ©, the function A must assume the value ¢. But 
no value on S,, is assumed, proving that S,, lies inside C,. The reasoning 
remains valid for 7 = fo. 

The second part is proved in the same way by applying the argu- 
ment principle to hi,7!. The reader should be aware of a small difficulty. 
The proof of Lemma 6-3 shows that h,,-"(() — ¢ umformly, but only on 
compact parts of the open disk, and we need uniformity on C,. To fill the 
gap, represent h,,-! by its Cauchy integral over |¢] = 2, and Ce with 
e’ <«. The integral over C. tends to zero as e’ > 0, and it becomes clear 
that fi,.7! tends uniformly to the identity on any compact set that does 
not contain A({), and in particular on G.. 


Lemma 6-5 (f) is continuous. 


This follows from Lemma 6-4 because \(f) € S;, and (7) © be. 
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6-2 LOWNER’S DIFFERENTIAL EQUATION 


Having proved that f,(0) is a continuous strictly decreasing function we 
are free to choose —log f,(0) as a new parameter. In other words, we may 
assume that f,(0) = e7. With this normalization (6-3) becomes 


1 | _ 
i. = ie log |hu(e®)| a0. (6-7) 


It follows by (6-2) and (6-7) that 


Olgas DEOs 
A(t) — fr?) 


Indeed, f--(w) is continuous, and 6, shrinks to a point, trivially when 
t_7 + and by virtue of the second part of Lemma 6-4 when t Nt. 

It is preferable to write (6-8) as a differential equation for f, rather 
than f,}. Since f;~! has a nonzero derivative with respect to w, it follows 
by the implicit function theorem that fi is differentiable, and 


Of; aw) 4 Of 1 (w) ofr (z) =. 
al Ow at 


“og f-*(u) = (6-8) 


when w = f,(z). Substitution from (6-8) yields 


Nee —f,(z)z Mt) + 2 


at ee oe) 


This is Lowner’s famous differential equation. 


6-3 PROOF OF |a;! < 3 
We shall write 
4i@) ele -p ae? + a3(t)z22 + °° Ci. 


To see that this series can be differentiated termwise it is sufficient to ex- 
press f, and its derivatives D"f, with respect to 2 as Cauchy integrals, for 
instance, over |z| = +. The integrals can be differentiated with respect to / 
under the integral sign, and we may conclude that aD*f,/dt = D”(df./at). 
Consequently, a’ (t) exists, and we obtain in shorter notation 


Of t ’ ! 
2 = —e'(z + Qoz? +. Guage? + nae ) + e(a,2? + a2 + ae oF 


On the right-hand side of (6-9) we substitute 
fi(2) = et(1 4+ 2aez + 3a? + °°); 


LOWNER'S METHOD 97 


and 
A\+2 Dee ee 
ae | sah ads 
1 ieee + d 2 MM a 
Comparison of the coefficients leads to 
Q, — dg = —2ay — 207! 
Q; — @3 = —3a3 — 4a,d—-! — 2)-2, 


— (aie) = —2)r- 


(—4aed7! — 2d-*)e%, 


~~ 
Q 
Ww 
® 
to 
= 
| 


Recall that a; = a3; = 0 for ¢ = 0. Therefore, integration yields 

do(r)ev’ = —2 in Cn at 

Rewer a (f; e!)-! au)’ =e ie e2'\-? dl. 
We set \ = e*? and take real parts in the second equation. This gives 
Re as(r)e” = 4 (fe cos oat)® —4 (fy etsin oat)’ 

_ aah e7(2 cos? @ — 1) di. 
The Schwarz inequality leads to the estimate 
(f, e' cos dt)’ a I e' cos? 6 dl, 

and we obtain 

Re a3(r)e” < 4 in e'(eT — e') cos? dt + e* — 1. 
Since t < r and cos? @ < 1, it follows that 

Re as(r)e” < 4 ihe e(e’ — e') dt + e* —1 = 3e% — 4de7 +1 < 3e”. 


We have proved that Reas(r) < 3 for all 7. Hence Reas < 3 for the 
original function f(z) = e~%(z + aez? + a3z3 + +--+). On applying the 
result to e~‘f(e'*z) we conclude that Jas} <3 when f is analytic on the 
boundary, and hence |a3} <3 for an arbitrary normalized univalent 
PUG TG Th 


NoTES ‘The basic reference is Lowner [36]. The original proof uses 
Loéwner’s lemma (Sec. 1-4). The method has been used extensively for 
more general problems and in combination with other variational methods. 


/ 


THE SCHIFFER VARIATION 


7-1 VARIATION OF THE GREEN’S FUNCTION 


Let @ be a region in the complex plane with Green’s function g(z,¢). We 
wish to find out what happens to g when Q is replaced by a nearby region 
Q*, An obvious way would be to express g as an integral over the boundary. 
This has the serious drawback that it requires the boundary to be smooth. 
If the variation is to be used for the solution of an extremal problem, it 
must be applicable in a situation in which the boundary ts not known to 
be smooth. It was to overcome this difficulty that Schiffer [57] devised his 
method of interior variation. This method is very simple in principle, but 
the computations require some patience. 

Consider a point 2) € Q and a circle ¢ with small radius centered at 
2». The point zo will be kept fixed while p tends to zero. We also fix a real 
number @. The function 


z* = 2z-+ pei@(z — 2)7! (7-1) 


maps the outside of ¢ on the complement of a line segment of length +p 
with midpoint zo and inclination a/2. The complement F of Q is mapped 
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on a set L* whose complement is in turn a region 2*. We denote the 
Green’s function of Q* by g*. Our aim is to find an asymptotic expression 
for 6g(z,¢) = g*(z,6) — g(z,b) when p approaches zero. 

We assume the existence of g(z,¢). The existence of y*(z,¢) 1s implicit 
in the proof of our first lemma, which will serve to give some crude pre- 
liminary estimates. 


Lemma 7-1 The functions g*(z,¢) and their partial derivatives are 
uniformly bounded when z and ¢ range over compact sets in 2 and 
lz — ¢| is bounded away from zero. 


PROOF Because g(z,f) 1s symmetric, it is sufficient to prove the 
lemma for a fixed ¢. The inversion 2’ = 1/(z — ¢) maps 2 on a region 2’ in 
the extended plane. Clearly, g’(z’) = g(t + 1/2’, ¢) is the Green’s function 
of 2’ with pole at o. The notations 2* and y* are self-explanatory. It 
will be sufficient to prove that g*’ and its derivatives are uniformly bounded 
on every compact set in 2’, Observe that such a compact set is contained 
in 2*’ for all sufficiently small p, and the uniform bound is to be valid for 
p S po, for example. 

Recall that g’(z’) = log |z’| + y’ + O(1) as 2’ > «. The Robin con- 
stant y’ is connected with the transfinite diameter of the complement ’ 
of 2’ by y’ = —logd,,. By definition d,, is the limit of d,, and d, is the 
maximum geometric mean of the mutual distances |z; — 25] of n points 
on Ih’, 

With obvious notations we obtain from (7-1) 


o*! < ta 
ax! eee "7 pe he, 
Sf ate ae ee le a ee. OE | ee) 
oe (2; a 20) (3; ae 20) 
: t ! Fe : 
An easy calculation shows that |z*[/|z;] = 1 + O(p2), uniformly for 
t 7 S : : =a 
z; © /’, and the same estimate applies to the last factor in (7-2). It 
readily follows that d= = d,[1 + O(p2)] and y*’ = y’ + O(p?). 
Q’ can be exhausted by regions 2’, with smooth boundaries. To save 
notation we assume temporarily that 2’ itself has a smooth boundary 
Routine use of Green’s formula gives 


t ! I ag’ ms 
g(z) = 7 - 3q Jor Bn, log | — 2| |deé|. (7-3) 
Here n, 1s the outer normal, so that dg’/dn, < 0. We conclude from (7-3) 
tlhevt, 
g'(z) < y’ + max log |t — 2]. 
1Gav’ 


Because this holds for all Q/, it also holds for an Q with arbitrary bound- 
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ary. When applied to 2*” the inequality shows that the g* are uniformly 
bounded on every compact set. Standard use of the Poisson integral 
shows that the same is true of the derivatives, and the lemma is proved. 


We shall write the difference g*(z,¢) — g(,£) as the sum of 63(2,¢) = 
g*(2*,¢*) — g(z,f) and 62(z,f) = g*(z,¢) — g*(2*,¢*). To begin with, z and 
¢ shall lie outside the circle c, and z*, ¢* are given by (7-1). Asa function 
of z the difference 6:(z,¢) is defined and harmonic in the part of 2 outside 
c. It vanishes on 0@ and has no singularity at ¢. Therefore, Green’s for- 
mula yields 


dg(t,z) ddi(f, 
} 


1 
ites) = — 2 ff aves) 2M — (ey SP Jia. 9 


Because 


f [te 2222 — otuay “SP? flat = 0 
m On, ON: 


we can rewrite (7-4) as 


1 dg(t,z) on Uo) a 
net = - = [oe 2 — 92) — | lal) 
py a a On, On: 
As before, the formula is first proved for an 2, with a smooth boundary, 
but it remains true for an arbitrary &. 
For convenience we introduce the notations 


ring) — tet) = (20 _ 20) 
20) = a Nae ay 
* 
(ee) = ag* 6), 
Oz 


These functions are analytic in z, and one verifies that formula (7-5) 
takes the form 


€ 


i Ge : 
sen) = tim { forurrnrea — aorrursy GT [ae 78 


where the integral is in the positive sense of the Cingie: 
In the first term on the right in (7-6) we insert the development 


gE) = gtleog*) + P*Gost*)U — 20) + P*e0,6*)(E* — 20) + OC0°). 


Here the remainder involves second-order derivatives of gc") ior 
lt — zo| < 2p. By virtue of Lemma 7-1 the estimate is uniformly vahd 
when (stays away from zo. The integral can now be evaluated by residues. 
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U(¢,z) is regular for ¢ inside c; (* — zo has a pole at 29 with residue p2e%; 
and on ¢ we have (* — % = p*/(t — 20) + e~@(t — 20), which has the 
residue p*. We obtain 


[ote eores dt = 2riT'(Zo,2)[T*(2o,f*)e™ + P*(z0,6*)]o? + O(p%). 
(eee) 


In the second term on the right-hand side of (7-6) all three factors 
have to be expanded. The expansions are, for | — zo| = p, 


gll2) = g(2o2) + Pe) — 20) + Paz) ~— + O(0%) 
ee) 


| as * 2 hta 
hs Cae == Gee) + ar*(z0,f*) ( — %% + ioe ) + OG) 
Oz { — 29 
Le ae 
dt (¢ — ray be 


The product of the principal parts has the residue 


pli Go2) er Tepe) Ee); 
and we find 


[otarress) dt* = 2rip*[I(20,2) r= eT (26,2) (0 * 2,67) a2 O(p?). (7-8) 
Substitution of (7-7) and (7-8) in (7-6) gives 


di(2,5) = 4p? Re [P(20,2)T*(z0,¢*)e"*] + O(p%). (7-9) 


The expansion ts valid for arbitrary regions, and the estimate of the 
remainder is uniform as long as z and ¢ stay in compact sets that do not 
include 2. 

Next we write down the development 


62(z,¢) a ge) =" Cea) 
= 2 Re [P*G,)* — 2) + P*G.2)E* — D1 + O09 


= =2' Re fon | ED 4 SE! 4 O09, 10) 


2 = 20 = (“24 
which is uniformly valid provided that z and ¢ stay away from each 
other and from Zo. 

As a crude estimate (7-9) and (7-10) yield g*(z,0) — g(z,¢) = O(p?), 
and by differentiation ['*(z,¢) — I'(z,¢) = O(»?). The proof requires z to 
stay away from Zo, but we can use the maximum principle to conclude that 
the estimate continues to hold near Zo. It is also obvious from Lemma 7-1 
that T*(z,¢*) — I'*(z,¢) = O(p?). As a result of these estimates the aster- 
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isks in (7-9) and (7-10) can be dropped, and we have proved a variational 
formula for Green’s function. 


Lemma 7-2. There exists a two-parameter family of regions 2* such 
that 


y*(2,t) — gle,f) = 20% Re \e" | 2reo2)P ens) 
ret) P&a) 


2— 4p 0 — <0 


i || + O(e%). (F-11) 
More precisely, to every compact set K CQ there exist po and 
such that the left-hand member of (7-11) is defined and the re- 
mainder is <M? for all p < po and all 2,f,20 Cc Kk. 


The statement has not yet been proved when 2, §, and Zo are close 
to each other, but it easily follows by use of the maximum principle. In 
fact, neither the left-hand member nor the expression in braces has any 
singularity. To check that this is so, let us write 


g(2,6) = —log |z = ¢| = 7 (2,6) 
NS om —3(Z 7 a aa vilz,f). 


One finds that the expression inside the square brackets in (7-11) can be 
written as 


_ n@s) = no) — G2) = io) 1 9) eyz)yi(eo,8)- 
Z2— Zo 6 — 2o 


It is obviously regular for all values of the variables. 


7.9 VARIATION OF THE MAPPING FUNCTION 


We now make the additional assumption that & is simply connected and 
that 0 € @. By the Riemann mapping theorem there exists a unique con- 
formal mapping ¢ of 2 onto the unit disk such that o(0) = O and ¢’(0) > 0. 
The mapping function of 2* is denoted by ¢*. 

We are going to apply (7-11) with 2 = O, 2p = Co. ln einer words, 
we start from the formula 


7*(0,¢) — g(0,t) = 2? Re |e Excroncrs 


a0 : UES ie r¢.0) || + O(p). (7-12) 


(sae 
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Green’s function with pole at the origin is g(¢,0) = —log lo(¢)]. 
The general value is 


e(fo) — ef) 
i= eQ)elFo) | 


g(Fo,¢) = —] 


and differentiation yields 


Lf oo) els) ¢' (Fo) 
re, ease YT al Iai ee ee ee we . 
(Foct) sae + 


We need the special values 


reo =- 52 ros) = -3[-£9 + eo] 
When these expressions are substituted in (7-12), we obtain 
se a a Spe eae oie) Oat), (7-13) 
We Ri an cy * Ga 


We have been careful to distribute the terms so that A(¢) and B(¢) are 
analytic in ¢. 

We shall now add the conjugate harmonic functions on both sides 
of (7-13). If we want the same remainder estimate to hold for the imag- 
inary part, we must choose the additive constant so that the imaginary 
part vanishes at the origin. We find in this way 


loge = ~o*fe*] am - 22] 4 e«[a@ +20] + 00, 


oS) 


and after exponentiation 


ont) = 0(0) (1 =p {ef aw - 2] 


+e [ 2g) +2]! + 06) ao 


We observe that A(0) must be computed as a limit and has the value 


Ae 


e(Fo)? = F0e"(O) Fe? 
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For ¢ = 0 still another limit must be formed. The estimate in (7-15) 1s 
uniform as long as ¢ and fo stay in compact sets. 

In most applications it 1s more convenient to deal with the verse 
function f of » and compare it with the inverse f* of ¢*. In fact, the 
primary problem is to study the variation of a schlecht function in the 
unit disk. For this purpose we substitute ¢ = f(z) and (> = f(2o) in (7-14) 
and (7-15). To simplify the notation we write A(z) and B(z) instead of 
A[f(z)] and B[f(z)]. Thus 


1 1 ! 
A ——— se ean ae are aera ee rate ee | 
@) = a pyeo? | FOde) ~ OU — Sed) 
Bi) = 2 é (7-16) 


Zo(1 — 220) f’(zo)? —f’(0) f(20) 
and (7-15) becomes 


A 
e*{flz)] = 2 (1 = pe {o EC = 2 


+ex[e@ +20] +009). cn 


When both sides of (7-17) are taken as argument in f*, we obtain 


A(O A(0) 
fe) = fe) — fe fe E = | Lei E cs | + 0(p%). 


(7-18) 


The estimate remains uniform, for one shows with the aid of Lemma 
7-1 that the derivatives of f* are bounded on any compact set. Hence 
(7-18) yields the crude estimates fe —f = Off") aad f* — 7 =0@7) in 
(7-18) we can therefore replace 7* by f, so tie the variational formula 
becomes 
pty —s) = tee (e[a- AP feee[ at AT + 0. 


If we wish the mapping function to be normalized, f’(0) = 1, we 
must divide f* by 
f*'(0) = 1 + p? Re [A()e'*] + Ol"). 


For simplicity the normalized function will again be denoted by f* wand 
we obtain for the normalized variation 


f*(z) — f(z) = pref'(2){A@e* + Bee = = in [4 (O)e'*] | 
— pf(z) Re [A (O)ei] + O(%). (7-19) 
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Here A(z) and B(z) have to be substituted from (7-16) with the slight 
simplifigation f'(0) = 1, and 


1 f°) 1 


ae zo’ f' (Zo)? = (20) (Zo)? 


7-3 THE FINAL THEOREM 


There are still other variations of a more elementary nature, and they can 
be added to Schiffer’s variation in an effort to gain generality or simplify 
the result. First, we may replace f(z) by e-‘f(e'7z), where y is a small 
real number. One finds quite easily that the resulting variation is 


of = tylzf'(z) — flz)] + O(y?). (7-20) 


We shall choose y = p? Im [A (O)e**] and add the new variation to (7-19). 
In this way we obtain 


f*(2) —f@) = pl[A@e* + Be|z/"(2) — A(De*F(Z)} + O(p). ’ 
Gea 


This variation is the one given by Schiffer [15] [compare with his formula 
(A3.30) which is not yet normalized]. 
There 1s a second elementary variation due to Marty [37]. For small 
complex ¢« consider 
z+te 
ss ae ( 
re = ro | 1(FF4 
which 1s normalized and univalent. The variation is easily seen to be of 
the form 


) =o Ja =k 


Se) Fe ee) a Oe). (7-22) 


We choose « = —p?e'f(zo)—! and add to (7-21). The terms with/’’(0) can- 
cel, and there are other simplifications as well. The resulting formula is 
particularly neat, and we shall formalize it as a theorem. 


Theorem 7-1 There exists a normalized variation of the form 


f(z) = p[L(z)e® + A (z)e-**] + O(p?) (7-23) 
with 
fe) (2)! 
2 Rei: Seen Jenteal 
Oe (7-24) 


Zo(1 = 220) f’ (20) : 
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The estimate is uniform as long as 2 and Zp stay in compact sets and 
zo stays away from zero. 


Although we give preference to (7-23), it should be remembered that 
other combinations of (7-19), (7-20), and (7-22) may also be used. 


7.4 THE SLIT VARIATION 
Let 


Ke) = —— 

2] Se 

(Vee) 

be the Koebe function which maps jz| < 1 on the plane slit along the 
real axis from + to +. Because the image region is star-shaped with 
respect to the origin, we can form 


Ez) = K-Ye"K(2)] 


for all £ > 0. The asymptotic behavior of E, for small ¢ is found by the 
following calculation: 


K@) 


Elz) = K-{G — )K@) + OW) = 2 — KG) t+ O(t) 
= a 2 +2) , - OW), 
1—2z 


Starting from a normalized schlicht f we form f*(z) = fle“ EB (ez)], 
which is again schlicht. It has the development 


j*e) = 1@ — 2) et + 00). 


To normalize we have to divide by f*’(0) = 1—! + O(t?). We conclude 
that there exists a normalized variation of the form 
1 + ez : inner 
y= [1 - 20 14 |i + 00, (7-25) 
12 
It differs fundamentally from the earlier variations by the fact that 


t cannot be replaced by —é. For this reason, when applied to an extremal 
problem, it gives rise to an inequality rather than an equation. 


wores Schiffer’s idea of using interior variations was a break- 
through in the theory of univalent functions. It has permeated much of 
the postwar literature In this field. Schiffer’s own retrospective account 
is in his appendix to Courant [15]. 


O 


PROPERTIES OF THE 
EXTREMAL FUNCTIONS 


8-1 THE DIFFERENTIAL EQUATION 


fe] 


We reintroduce the notation f(z) = Y an2”, a, = 1, for a normalized 
1 


schlicht function and address ourselves to the problem of maximizing |a,|. 
If f(z) is replaced by e—*f(e'7z), the coefficients become a,e- )*7, For this 
reason it 1s an equivalent problem to maximize Rea,, and the maximum 
of Re a, will occur when a, is positive. The existence of an extremal func- 
tion is trivial, and we shall use the results of the preceding chapter to 
derive some of its properties. 

We return to the notations of Theorem 7-1 and write 


Lies y oe? 
1 

Nz) = y iW 2”. 
1 


It is clear from this theorem that the function which maximizes Re a. 
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must satisfy 


Re (Le + Mne7*) = 9 
for all real e, and this is so if and only if 
La +M, = 0. (S-1) 


In order to analyze this condition we must make it more explicit. 
It is only the last term in the expression for L(z) whose development 
causes some difficulty. For the purpose of obtaining at least semiexplicit 
results we shall write 


_f@* | = . a n 
=o 2, Sab 


where the S, are certain polynomials in t of degree n — 1 with leading 
coefficient 1 and zero constant term. With this notation (7-24) yields 


| kar | i (, ] ) 
ian — nae Oa mut 1 n cry an <r aes ios 
area |° yan + 2 ae | — Fee S* ed 


Me = pagel 2, et) 


k= k=1 (S-2) 


Pi) = on (=) 
w 


If we replace zo by z, condition (8-1) takes the form 


i z 


In other words, we have shown that the extremal function w = f(z) 3 @ 
solution of the differential equation 


Pa(w)w’? _ Qul2) ae 


w? 2? 


The consequences of this remarkable relation will be studied later. 
For the moment we reeall that a, > 0, as already mentioned. In par- 
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ticular, a, is real, so that the symmetry of the coefficients of the rational 
function Q,(z) makes it real on |z2| = 1. Hence the zeros of Q, he on the 
unit circle or are pairwise symmetric to it. The only poles are at 0 and ©, 
and they are of order n — 1. As for P,(w) the most important feature is 
the pole of order xn — 1 at the origin. 

We have chosen to maximize Re a, only as a typical example. It is 
in ho way more difficult to maximize an arbitrary real-valued differenti- 
able function F(az, . . . ,an), and we prefer to consider the problem in 
this generality. We denote its complex derivatives by OF /da, = F;, and 
in order to exclude extraneous solutions we assume that they are never 
simultaneously zero. The variational condition is obviously 


y (FL a FM) = 0, 
k=2 


and this leads to a differential equation 


P(w)w'? _ Q@) (S-4) 


9 9) 
w? Z* 


where P and Q are rational functions similar to P, and Q,. 
One sees at once that P and Q are of the form 


a— 1 


PQ) = 2 vals 
1 


n—1 
QA = SY Brak, (S-5) 
—(n—-—1) 


where By = > (k — 1) Fra, B_. = B, for k ¥ 0, and 


2 


n—k 
Be = AF igeay (S-G) 
h=1 
for k > 0. Therefore, Q is real on |z| = 1 if Bo is real. That this is so is a 


consequence of the variation (7-20). According to this formula there is a 
permissible variation 6f = ?@y[zf’(z) — f(z)] for real y. The corresponding 
variation of the coefficients is da, = ty(k — l)ay, and if Flas, . . . Qn 
is & Maximum, we must have Re S/;.é6a, = 0, and hence Im Bo = 0. 
Because the differential equation (S-4) has a solution w = f(z) with 
f'(0) = 1, the highest coefficients must be equal, A,-1 = Br. In the 
case of equation (8-3) these coefficients are #0. In the general case we 
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do not know this, but under the assumption that not all /;, are zero Q 
cannot be identically zero and therefore has a highest nonvanishing 
coefficient. With a change of notation we may therefore assume that 
Br-1 # 9. 

It will be important for our later discussion to know that Q isnot 
only real on the unit circle, but actually 20. This can be seen by use of 
the slit variation (7-25). When expanded this variation can be written 


éf = » ie 6) kaxz*) (1 + 2 erivzt) |i + O}), 
1 1 1 


and we find 6a, = —énat + O(?) with 


n-1 


=e lars ey haze *) , 
k=1 


Recall that this is a valid variation only ahem’ > Op It Fm. « 2503) 1 
maximum, Re 2F,6a; must be <O fort > 0, and thisimplies Re SFxex 2 0. 
On the other hand, with the aid of (S-2), (8-5), and (S-6), one finds 
Re =F rer = Q(e 7). Since y 1s an arbitrary real number, it follows that 
Oe) =O for |e\\ = 1 


8-2 TRAJECTORIES 
Equation (S-4) can be written 


Puprdus _ OQae 


(8-7) 
Ww gz 


and both sides may be regarded as quadratic differentials. The fact that 
f(z) satisfies the differential equation means that (S-7) becomes an iden- 
tity when we substitute w = fiz), dw = f(z) dz. It is clear that any zero 
of Q(z) inside the unit circle is mapped on a zero of P(e). Another con- 
sequence is that any are on which Q dz?/z? has a constant argument is 
mapped on an are on which P dw?/w? has the same constant argument. 
Such ares are called trajectories. In particular, we speak of a horizontal 
trajectory if Q dz*/z? > 0, anda vertical trajectory if Q dz*/z* < 0. For 
instance, because Q > 0 on |z| = 1, the unit circle 1s a vertical trajectory, 
but it is premature to speak of its image under f. Nevertheless, the study 
of the trajectories, and especially the vertical trajectories, should give 
us valuable information about the mapping. 

For somewhat greater generality we shall denote the quadratic 
differential under consideration by ¢(w) dw?. Here g(w) will be rational, 
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and the zeros and poles of ¢ are referred to as the singularities of the 
quadratic differential. In order to stress the geometric point of view we 
introduce a metric ds? = |e(w)||dw|?, which is euclidean except at the 
singularities. The trajectories are the geodesics of this metric. 

In order to investigate the trajectories near a given point wo we 
introduce an auxiliary variable 


f= f. V ¢(w) dw. (S-S) 


The vertical trajectories correspond to the lines Re ¢(w) = constant, but 
the situation is complicated by the fact that ¢ is not single-valued. 

We denote by m the order of ¢ at wo, m > 0 for a zero, m < 0 for 
a pole. We have to distinguish several cases. 


1) m = 0. We can choose a single-valued branch of V o(w) in a 
neighborhood of wo. The choice of branch does not. matter since a 
change of sign would merely replace ¢ by —¢. The function ¢(i) has 
a simple zero at wo, and therefore there is a single line Re ¢ = 0 
passing through wo. If we prefer, we can say that there are two ver- 
tical trajectories issuing from wo in opposite directions. 

2) m > 0. We can perform the integration in (8-8) to obtain 


f= (w= wo)? YCw), (8-9) 


where y is analytic and #0 near wo. The sign is ambiguous, but of 
no importance. The directions of the lines Re¢ = 0 are given by 


‘ 
_ 


m 1 

(= + 1) arg uw + arg y(wo) = = + nr, 
with integral xn. There are thus m + 2 equally spaced vertical tra- 
jectories issuing from wo. 
3) m = —1. This is similar to the preceding case, for it is still true 
that ¢ = 0 for w = wo. There is a vertical trajectory from we in one 
direction only. 
4) m= —(2k +1), k > 0. The lower bound must be replaced by 
some other constant. Integration still leads to a development stmilar 
to (8-9), but now ¢ = & for w = wo. Consequently, all lines Re ¢ = ¢ 
pass through wo. There are infinitely many vertical trajectories from 
wo, and they are tangent to 2k — 1 equally spaced directions. 
5) m = —2. This case will never occur in our applications, and we 
leave the discussion to the reader. 
6) m= —2k,k > 1. There is a complication due to the fact that 
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the development of ¢ may contain a logarithmic term. In place of 
(8-9) we obtain 


c = (w — wo) (wv) + a log (w — Wo), 


with ~(wo) # 0 and constant a. Let us write w — Wo = re", (wo) = 
pe, a = a, + lag. The lines Re ¢ = constant are loci of the form 


ek cos [(k = 1)(@ ime Oo) |} ale ry(7,@) + a log r— acd = ©, 


where (7,4) is differentiable. If the equation is multiplied by 77}, 
‘t will be satisfied for r = 0 and 2k — 2 equally spaced values of 6, 
the same for all c. The implicit function theorem is applicable and 
leads to a solution @ = 6(r) for each initial value and each c. There 
are thus infinitely many vertical trajectories from Wo, and they are 
tangent to 2k — 2 equally spaced directions. 


The results apply equally to wo = *, provided that the order at 
« is defined as the order of ¢(1/w) d(1/w)? at 0. For instance, P dw?/w* 
has a simple pole at », and thus there is a single vertical trajectory which 
tends to ~. 

For further information on the trajectories we prove & lemma 
which is essentially a special case of the Gauss-Bonnet formula. Loom 
terminology a geodesic polygon tl shall be a closed curve consisting of 
finitely many segments of trajectories which together form the boundary 
of a simply connected region. We denote the vertices by w;, and the order 
of y at w; by m;. Moreover, o: shall be the inner angle at wi, counted so 
that 0 < w; < 27. We agree that w; counts as a vertex if either m; # 0 
or w; # 7, and we do not need to rule out the possibility of vertices and 
sides that are superimposed on each other. The polygon will be traversed 
in the positive direction with respect to the region that it bounds. 


Lemma 8-1 The difference N between the number of zeros and 
poles of ¢ inside a veodesic polygon 1s given by 


: >) , 
way [1- SE) (S-10) 


Qa 
1 


where the sum is over the inner angles. 


For the proof the argument principle yields 


‘ ne = 2 a 3 MiWi) 
i 
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where the change of argument refers only to the sides, not to the vertices. 
Because the sides are trajectories, d arg ¢ + 2d(argdw) = 0 along II, and 
because the tangent changes its direction by 2z, 


i d (arg dw) + » (x — w;) = 2r. 


Taken together these relations yield (8-10). 


REMARK We proved the lemma for a bounded region, but if cor- 
rectly defined both sides of (8-10) are invariant under linear transforma- 
tions so that the result remains valid if «© is a vertex. We shall not allow 
oo as an interior point of a geodesic polygon. 

The quadratic differential P dw?/w? has n — 2 zeros and n+ 1 
coinciding poles at the origin (and a simple pole at «). A geodesic poly- 
gon encloses either none or all of the poles at the origin. Hence either 
N2>OorN < (n — 2) — (n +1) = —3 80 that N + 2 is never 0 or 1. 
The same is true for Q dz?/z® provided that II ts contained in |z| < 1, for 
Q has at most n — 2 zeros in |z| < 1. 


Lemma 8-2 If a geodesic polygon for P dw?/w? does not pass through 
the origin, it has either a vertex w; # 0, with an angle different 
from 27/(m,; + 2), or an angle <2mr at «©. The same is true for 
Q dz*/z* provided that the polygon is contained in |z| < 1. 


Indeed, since N + 2 + 0, one of the terms on the right-hand side 
of (S-10) must be different from zero. If no term is from a vertex at 0, this 
can occur only by having one w; # 27/(m; + 2). Note that m; = —1 at 
©, so that in this case the inequality means that w; < 27. 

A regular trajectory is one that does not pass through a singularity. 
Every regular trajectory is contained in a maximal regular trajectory 
w= y(), a <t <b. This includes the case of a closed trajectory, the 
maximal trajectory being periodic. As ¢ tends to a or b, the point y(é) 
can either oscillate or tend to a singularity, but it cannot converge to a 
regular point. 


Lemma 8-3 In the case of P dw?/w? or Q dz?/z? every maximal reg- 
ular trajectory tends to a singularity. In particular, there are no 
closed regular trajectories. 


PROOF We consider only the first case, the second being similar. 
Given any nonsingular point wo we shall show that y(¢) stays away from 
wo When ¢ 1s close to a or b. Once this is shown, the lemma follows by an 
obvious compactness argument. 
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(a) (b) 
FIGURE 8-1 


We may assume that the trajectory is a vertical trajectory. In 
terms of the variable ¢ introduced by (S-S) let V be a small neighbor- 
hood [¢| < 6. If y(¢) does not stay away from wo, the trajectory would 
intersect |’ along infinitely many arcs, each represented by a vertical 
line segment in the ¢ plane. Actually, there can be only one such segment. 
Indeed, if there are two such arcs in succession, the schematic diagram 
(Fig. S-la and b) shows how to construct a geodesic polygon with two 
right angles or with angles r/2 and 37/2 (a closed regular geodesic may 
be viewed as a degenerate version of the second case). Lemma 8-1 gives 
No 2 =] 1 im the first case and WN a 2 =U) ine second. We have 


already seen that these values are impossible, and Lemma 8-3 is proved. 


8-3 THE Tf STRUCTURES 


As we have already remarked, the extremal mapping carries singularities 
into singularities and vertical trajectories into vertical trajectories. The 
maximal vertical trajectories that can be distinguished from all others are 
those that either begin or end at a zero or a simple pole. In contrast, there 
are infinitely many vertical trajectories issuing from a multiple pole, and 
we cannot distinguish a vertical trajectory that begins and ends at a 
multiple pole. For this reason we construct, to begin with in the w phane, 
the graph consisting of all maximal vertical trajectories of P dw?/w? which 
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do not begin and end at the origin. Following Schaeffer and Spencer {56] 
we shall denote this graph by Ty. The graph is finite, for according to 
Lemma 8-3 each trajectory that is part of the graph must lead from a 
zero to a zero, from a zero to a pole, or from the pole at © to the pole at 
the origin, and there are only a finite number of trajectories issuing from 
the zeros and from the pole at ©. The single trajectory from © is always 
part of T,. The graph divides the plane into regions which we denote 
generically by Q,. 

In the z plane we carry out the same construction for Q dz?/z?, but 
we shall let T, denote only the part of the graph that is contained in 
Iz] < 1. We recall that the unit circle is a vertical trajectory and that 
there is at least one zero on the unit circle. Hence the unit circle is always 
part of T,. The Q, are inside the unit circle. 

Our next step is to use Lemmas 8-1 and 8-2 to gain information 
about the Q, and Q,. 


Lemma 8-4 Each 2, (or Q.) is the inside of a geodesic polygon 
whose sides belong to the graph IT, (or T’,). The angle at a vertex 
that is a zero of order m; is 27/(m; + 2). In addition the polygon has 
elther one vertex with angle 27/(n — 1), or two vertices with angle 
zero at the origin. One of the Q, has angle 27 at . 


PROOF Consider the outside contour of Q,. It is obviously a geodesic 
polygon with sides belonging to Ty. The angle at a finite vertex other than 
the origin is exactly 27/(m,; + 2), and if there is a vertex at , the angle 
is 27. By Lemma 8-2 the origin must lie on the outer contour. If 2, were 
not simply connected it would have an inside contour which does not pass 
through the origin. There would be at least one 9, inside this contour, and 
the outer contour of Q!, would not pass through the origin, contrary to 
what was shown. Hence all Q, are simply connected. 

The angles of 2, at the origin are of the form w; = 2k;r/(n — 1) 
with integral k; > 0, and the corresponding m; is —(n + 1). It is clear 
that NV = 0 in Lemma 8-1. Hence S(k; + 1) = 2, which is possible only 
for one k; = 1 or two k; = 0. This is precisely the statement in the lemma 
that we are proving. The existence of one 2, with a vertex at % is obvious. 
The rest of the proof applies equally to 2. 

A geodesic polygon which is also a Jordan curve will be called a 
geodesic loop. 


Lemma 8-5 Every geodesic loop on T,, passes through the origin. 
The same is true of every geodesic loop on I, which is not the whole 
unit circle. 
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prooFr Ifa loop on Fy does not pass through the origin, it divides 
the extended plane into two regions, one of which does not contain 0. This 
part of the plane is subdivided into regions 2, whose boundaries do not 
pass through the origin, contrary to Lemma 8-4. Similarly, a geodesic loop 
on f,, which does not pass through the origin and 1s not identical to the 
unit circle, divides the unit disk into two parts, one of which does not 
contain the origin. The same contradiction is reached. 


8-4 REGULARITY AND GLOBAL CORRESPONDENCE 


We have yet to prove that the extremal function f 1s analytic on lz| = 1 
(except for isolated points). This will be a by-product of a closer study of 
the correspondence between the regions 2, and ©. 

We use superscripts to distinguish the various Q,' and Q/. In each 
Q,? and Q,/ we choose some fixed determination of 


ctu) = [ VP) 


w 


| VQ(2) *. (S-11) 


I 


dj(z) 


i.e., we choose a branch of the square root and fix the integration con- 
stant. This is possible because the Q,? and Q,/ are simply connected. 

According to Lemma 8-4 there are two types of regions Qu. We shall 
say that Q,' is of type 1 uf it has one vertex with angle In /(n — 1) at the 
origin, and of type 2 if it has two zero angles at the origin. The same classi- 
fication applies to the Q,. 

Consider first an ,/ of type 1. It 1s clear that \; extends continuously 
to the boundary of 2’, except perhaps at the vertices, and that each side 
of the boundary is mapped on a vertical line segment. It follows from 
(S-11) that the leading term in the expansion of \; at the origin has the 
form Azgt-”/2, Therefore, the origin is thrown to », and the angle of @, 
at the origin is mapped on an angle r at %. It is seen in the same way 
that \; remains continuous at all other vertices, and that all angles are 
straightened. With this information standard use of the argument prin- 
ciple shows that \; determines a one-to-one conformal mapping of 2.7 onto 
a right or left half plane, which we shall denote by 4.2’. In the case of a 
region of type 2 there are two vertices that are thrown to *, and the 
corresponding angles are zero. It easily follows that the image region 1s 
a vertical strip. The situation ts quite similar in the w plane, and we 
denote the image of 2.7 by Aw‘. The main theorem can now be stired. 
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Theorem 8-1 The regions 2. and , can be matched and reindexed 
so that the extremal function f maps 2.‘ onto @,,', both regions being 
of the same type. The function f can be continued analytically to 
lz] = 1, except for one double pole and a finite number of algebraic 
singularities. 

Globally, f maps the unit disk on a slit region obtained by 
removing a connected part of I, from the w plane. The slit extends 
to 0, 


PROOF The notation f—! shall refer to the original f as defined for 
lz] <1, not to its extension. We show first that f-1(P.,) C T.. For this 
purpose, let s be a maximal vertical trajectory contained in [,. Then 
f-'(s) 1s either empty, or it is a vertical trajectory. In the latter case it 
is maximal, for an extension of f-!(s) would be mapped by f on anexten- 
sion of s. It cannot lead from 0 to 0, for then s would have the same 
property. We conclude that f-!(s) is contained in T.. As for the vertices 
of T,, 1t is trivial that the inverse image of each vertex is either empty or 
a vertex of T,. 

Choose any z; € Q/ and let ,% be the region Q, that contains f(z). 
If there were a point z € Q/ with f(z) € Q,' ¥ Q,%, there would also be 
a point in 2, with f(z) © Ty. Since this is impossible, 2,7 is unique, and 
Cy waits 

We know further that ¢([f(z)]?f’(z)? = (2)? in 2%. Integration 
yields 

le) |= 22) +c, (8-12) 


where c; is a constant. We shall use (8-12) to prove that f maps 2,4 onto 
oF 

Define the map h by A(\;)) = +); + ¢;, the sign being as in (8-12). 
Because ); and £; are one to one, f(2.7) C Q,/ translates into h(A.4) C Ay’. 
This already shows that Q,7 is of type 1 if 0,7 is of type 1. In this ease, 
denote the boundary of the half plane A,? by L. Then h(L) is either the 
boundary of A,,/ or a parallel to it. In the latter case ¢—![h(L)] = f[\s7(D)] 
would be free from singularities. This is not so because \,~1(L) is not 
singularity-free. It follows that h, and hence f, is onto. In the ease of 
type 2 there are two boundary lines ZL; and LZ» of A,“ Both h(i) and 
h(Le) must le on the boundary of A,%, and they cannot coincide. There- 
fore 2.7 18 of type 2, and the mapping is onto. 

Note that formula (8-12) will automatically define a continuous 
extension of f to the part of the boundary of each 2,4 which lies on |z| = 1. 
As usual, the analyticity of f, except at the vertices, follows by the re- 
flection principle. 
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The full image of |z| = 1 is a connected part of T,. Since the image 
does not pass through the origin, it contains no loop, by Lemma 8-5. The 
image is therefore a slit, which may be branched (the term ‘‘tree- 
shaped”? would perhaps be more descriptive). The image of |z| < 1 must 
be the full complement of the slit. This shows that every Qy is the Image 
of some ©. Finally, the sht reaches out to © along the single vertical 
trajectory from that point, for otherwise the complement would not be 
simply connected. The unique point on |z| = 1 that corresponds tow = ® 
is a double pole. 

The Schiffer method has yielded a qualitative description Or aie 
extremal mapping in a situation of great generality. On the other hand, 
relatively few quantitative results are within the scope of the method. 


8-5 THE CASE n = 3 


In order to illustrate the preceding discussion we shall make a detailed 
study of the case n = 3. Here the problem is to maximize a function 
F(a2,a3). Our earlier notation (S25) «ould ve 


P(w) = Arw7} + Azw? 
Oley =e ie Bee Be Bae, 
but this conceals the available information, namely, that Q(z) 2 0 on 


jz] = 1 and that Q(z) has at least one double zero on the unit circle. T’o 
bring this out we prefer to write 


A(w — c) 


9 


P(w) = 2 


_ Bee — 0)*@ — B)@ = 1/8) 


g? 


Q(z) 


where c ¥ 0, |w| = 1, and |6| < 1. The argument of B is in a certain 
relation to w and @, but there is no need to make this explicit. 
The extremal function w = f(z) must satisfy 


Va [ Vo-e = = VB @—0) V@-E- 1S +O. 


os 


The integrals can be evaluated explicitly, and in principle we can express 
w at least as an implicit function of z, although there remains the problem 
of choosing signs and integration constants. However, we do not attach 
much importance to this part of the problem, which leads to complicated 
formulas at best. 
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It is of much greater interest to study the I structures and the 
mapping of the Q,' on the Q,,*. We begin with I’. There are two essentially 
different cases, depending on whether the vertical trajectory from © leads 
LGvcoor aU, 


Case I The vertical trajectory from © leads to c. The two other trajec- 
tories from c form 120° angles, and they lead to the origin where they meet 
at an angle of 180° (Fig. 8-2). There are two regions 2,! and 2,2, each 
mapped on a half plane by means of a branch of 


sw) = [ VPQ) = Va f Vo 


We choose to map Q,! on a left half plane and Q,,? on a right half plane 
(Fig. 8-3). In either case w = 0 corresponds to ¢ = ©. In the left half 
plane we mark the point c, that corresponds to c. In the right half plane 
there are two points ¢2,c) corresponding to c, and we also mark the point 
oo’ that corresponds to «. It lies halfway between c2 and c3, for both 
distances are measured by 


[> VIPCo di (8-13) 


l 
[2o| 
taken along the trajectory from c to o. 
The segments (c2, ©’) and (c;,%’) have to be identified, as indicated 


FIGURE 8-2 


FIGURE 8-3 
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by the arrows. It remains to attach the half planes to one another. This 
is done by identifying the two half Hines issuing from ¢: with the half 
lines starting at co and c,. A way to realize this identification is to cut the 
left half plane along the horizontal line through c: and attach each quarter 
plane to the right half plane (Fig. 8-4). We obtain a conformal model of 
the w sphere as the complement of a rectangular half strip Withowro 
identifications. If desired, the ‘dentifications can be made concrete at the 
expense of allowing folds in the right half plane. 

At this point we discover that our model lie a line of symmetry..lor 
this reason Fig. 8-2 must also be symmetric with respect to the strarght 
line through 0 and c. In fact, the whole configuration is unique up to a 
rotation and change of scale. We observe that the width of the half strip 
is twice the integral (8-13). By residues, it is also equal to 27 times the 
coefficient of log w in the development of ¢(w) at the origin. 

For the I, structure there are two possibilities compatible with 
Case I. 


Case Ia |@| < 1. The Lf, structure is shown in Fig. 8-5, and the mapping 
by A(z) is diagrammed in Fig. 8-6. Observe that there is no identification 
between we and w». This segment is the image of the unit circle, and Fig. 
8-6 is a model of the unit disk. There is again a line of symmetry, and 
this symmetry carries over to the z plane. 

The extremal mapping is visualized by superimposing Fig. 8-6 on 
Fig. 8-4. The widths of the half strips must be equal, showing that the 
coefficient of log z must be equal to the coefiicient of log w. AS we pass 
to w = f(z), we see that |z| = 1 is mapped on a proper part of the vertical 
trajectory from c to ~. Since the latter is a straight line, we recognize 
that the only extremal mapping of type Ia is the Koebe mapping. 


| 7 


y 
a 


FIGURE s- Ls 
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FIGURE 8-5 
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FIGURE 8-6 7 UW 


FIGURE 8-7 


Case Ib |8| = 1. The I, structure is shown in Fig. 8-7. Beeause 8 and w 
are interchangeable, we may assume that the labeling is as in the diagram. 
In the image half planes (Fig. S-S) we have marked not only the images 
of 6 and w, but also the points that correspond to c¢j,¢2,c, and ©’ when 
the diagram is superimposed on Tig. 8-3. It is readily seen that the dis- 
tance from 8; to (ci) must be equal to the distance from 6» to (cz), and 
the distance from (c:) to w; is the same as from (c,) to ws. To realize the 
identifications we cut the left half plane along the horizontal line through 
(c1). The quarter planes are attached to the right half plane, but only 
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FIGURE 8-8 


FIGURE 8-9 


FIGURE 8-10 


along the half lines above 81,82 and below w1,we. Figure 8-9 is an exag- 
gerated picture of the resulting model of the unit disk. The extremal 
function f(z) maps the unit disk on the complement of a forked sht as 
indicated by the heavy lines in Fig. 8-2. 


Case Il The vertical trajectory from leads to the origin. In the Tu 
structure there are three regions Q,, two of type 1 and one of type 2 
(Fig. 8-10). The corresponding half planes and strip are shown in [ig. 
8-11. We manipulate the strip by cutting it from co to ©’ and rotating 
the lower part through 180° about co’ in such a way that identified 


points will coincide. It is now easy to attach the half planes (Fig. 8-12). 


\e*) 
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FIGURE 8-11 
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FIGURE 8-12 
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Finally, to make the angles right angles we delete a wedge on the left 
and attach it on the right (Fig. 8-13). We end up with the same model 
of the w sphere as in Case I, but now the trajectories are slanted. 

There is only one [, structure compatible with Case IT (Fig. 8-14). 
It should be clear by now how to construct the corresponding model of 
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FIGURE 8-14 


FIGURE 8-15 


the unit disk (Fig. 8-15). Figure 8-15 can be superimposed on Fig. 8-13, 
and we recognize that f(z) maps the unit circle on a slit along the vertical 
trajectory from « to 0 (the heavy line in Fig. 8-10). 

The possible values of (a2,a3) form a region in real four-dimensional 
space, but since (a2,@3) can be replaced by (a2e'?,a3e7*"), we may assume 
a, to be real so that the region 1s three-dimensional. It may be expected 
that the coefficient region is bounded by a smooth surface, in which case 
every point on the boundary surface would correspond to a local extre- 
mum of a linear function, for instance, the distance from the tangent 
plane. If so, we have shown that the boundary point corresponds to a 
mapping f(z) of the type described under Case I or Case II. Schaeffer 
and Spencer have shown that this is indeed true, and that the two types 
of extremal mappings form two boundary surfaces of the coefficient body 
with only the Koebe mapping as common point. The boundary 1s of 
course two-dimensional, the parameters being the lengths 6: — c: and 
c, — we in Case I, and the length and angle of the shit in Fig. 8-15 in 


Case Il. The book by Schaeffer and Spencer [56] has a beautiful 
illustration. 


9 


RIEMANN SURFACES 


9-1 DEFINITION AND EXAMPLES 


In the classic literature the term Rvemann surface is used with two 
different although related meanings. Riemann, im his thesis, overcomes 
the difhculty of multiple-valued analytic functions f(z) by means of the 
suggestive device of letting the variable z vary over a domain which may 
cover parts of the complex plane several times. Although modern mathe- 
maticians frown on the use of multiple-valued functions, the underlying 
idea is fundamental and can easily be axiomatized. It leads to the topo- 
logical notion of covering surface. 

In his later work on the foundations of geometry Riemann intro- 
duced what is known as differential manifolds. This idea generalizes in 
turn to the notion of complex manifolds. In present terminology a 
Riemann surface is a one-dimensional complex manifold. 


Definition 9-1 A Riemann surface is a connected Hausdorff 
space W together with a collection of charts | @,,2.} with the 
following properties: 
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1) The U. form an open covering of W. 

io). Waelwen is 2 homeomorphic mapping of U, onto an open subset 
of the complex plane C. 
iii) If Ual\ Ug #0, then Zag = 2° z,-1 is complex analytic on 
Pe ek VA a) 


Several comments are in order: 


1) The system {Ua,Za} 18 said to define a conformal structure on W. 
If it is understood which conformal structure we are referring to, we 
shall not hesitate to speak of the Riemann surface W. 

2) The topology of W is completely determined by the mappings 
za. Thus, an alternative way would be to require merely that the 
z, are one to one and that the sets za(Ua (\ Ug) are open. The open 
sets on W are then generated by the inverse images of open sets. 
The topology is Hausdorff if any two distinct points p,q © W are 
either in the same U, or in disjoint sets Ua and Us. The connected- 
ness is of course a separate requirement. 

3) A point p € Uz is uniquely determined by the complex number 
za(p). For this reason 2a is referred to as a local variable or local 
parameter. The subscript is frequently dropped, and z(p) is identi- 
fied with p. For instance, 4, = {z|z — zo| < p} can refer either to 
a disk in C, or to its inverse Image on ie 

4) The practice of identifying a point on the Riemann surface with 
the corresponding value of a local variable leads to no difficulty as 
long as we deal with concepts that are invariant under conformal 
mapping. Typical instances are the notions of analytic function, 
harmonic function, subharmonic function, and analytic are. 

5) It is clear what is meant by a complex analytic mapping from 
one Riemann surface to another. Two Riemann surfaces are said to 
be conformally equivalent if there is a one-to-one complex analytic, 
and hence directly conformal, mapping of one onto the other. They 
are to be regarded as not essentially different. 

6) Every open connected subset of a Riemann surface is a Riemann 
surface in its own right. 


EXAMPLE 9-1 Let W be the unit sphere r1° -F eo a3? = linkyree 
space. Let Ui be the complement of (0,0,1) and U2 the complement of 
(0,0, 1) with respect to IV. As local variables we choose 


4, + 1X2 X1 — 1X2 
a= 2 =e 
1 — 23 1 — 23 
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on U,; and Us, respectively. They are connected by 2122 = lon Ui Uz. 
This choice makes WV into a Riemann surface, namely, the Riemann 
sphere. 


EXAMPLE 9-2 Let w; and w. be complex numbers ~0 whose ratio is 
not real. We define an equivalence on C by saying that z; and zs are 
equivalent if z1 — z. = myo1 + mewe with integral 24, mo. There is a 
natural projection + which takes z € C into its equivalence class 7. We 
shall define a conformal structure on T = 7(C). For this purpose let A, 
be any open set in C which contains no two equivalent points. We set 
U. = w(A.) and define z, as the inverse of z restricted to A,. These local 
variables define 7’ as a Riemann surface known as a torus. 


9-2 COVERING SURFACES 


In Definition 9-1 we required the transition functions zag to be complex 
analytic. Weaker requirements lead to more general classes of surfaces. 
We speak of a surface as soon as the mappings Zgg are topological and of 
a differentiable surface if they are of class C*. Evidently, a Riemann sur- 
face 1s at the same time a differentiable surface. 

Let W and IV* be surfaces, and consider a mapping f: W* > W. We 
say that fis a local homeomorphism if every point on JV* has a neighbor- 
hood V* such that the restriction of f to V* is a homeomorphism. When 
this is so the pair (W*,f) is called a covering surface of W. The point 
f(p*) is the projection of p*, and p* is said to lie over f(p*). It is always 
possible to choose V* and V = f(V*) within the domains of local vari- 
ables z and z*. For convenience we again identify V* and V with their 
images, and we use the notation z = f(z*) for the projection map. 

Suppose now that IV is a Riemann surface with the charts {U.4,za}. 
Then W* can be endowed with a unique complex structure which makes 
the mapping f: IV* — W complex analytic. Explicitly, this can be done 
by requiring the charts {U},z3} to be such that f is one to one on Uz 
and the functions z.°f°2zg7! complex analytic whenever they are de- 
fined. AMlore informally, the conformal structure on JW* is such that 
gof is analytic on JV* whenever g is analytic on JV. 

We remark that when JV* and W are Riemann surfaces it 1s also 
possible to consider complex analytic mappings f: ]V* — IW which are 
not necessarily locally one to one. In this case (JV*,f) may be considered 
a ramified covering surface, and in contrast an ordinary covering surface 
is said to be smooth. In the following discussion we shall consider only 
smooth covering surfaces. 
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Let V be an open set on W. We shall say that V is evenly covered 
by (W*,f) if every component of the inverse image f{7!(1’) is in one-to- 
one correspondence with V. This correspondence is always topological, 
and if Wand W* are Riemann surfaces, it is xn conformal mapping. 


Definition 9-2 A covering surface (IV*,f) of WV is satd to be com- 
plete if every point has an evenly covered open neighborhood. 


Every connected subset of an evenly covered set is itself evenly 
covered. For this reason it is sufficient to consider neighborhoods V 
which are homeomorphic to a disk. 


Lemma 9-1 A complete covering surface covers each point the 
same number of times. 


This is an immediate consequence of the definition together with 
the connectedness of TV. It is indeed easy to show that the set of points 
that are covered exactly 7 times is open and closed. The number of 
times each point is covered is called the number of sheets. 

Let y be an are on W, that is, a continuous mapping vy: [4,b] > W. 
We say that the are y*: [a,b] — W* covers y, or that y can be lifted to 
vy*, if fly*()) = y(O for all ¢ € [a,b]. The initial point y*(q@) lies over the 
initial point y(@). 


Theorens 9-0 Lf GRY) is*comiplete, every Grey oe be lifted to 
» unique y* from any initial point pg over po, the inittal point 
of +. 


proor Let E be the set of allt © [a,b] such that y(a,r] can be 
uniquely lifted to y*[a,7] with the initial point p*. / is not empty, for 
a CE. if + C BE, we determine an evenly covered neighborhood V of 
y(r) and choose 6 so small that y[7,7 + 6; C V. The point y*(r) belongs 
to a component V* of f-1(V). Since i Vo ie topological, there Is a 
unique way of extending y* to [7,7 + 6]. This proves that E ts relatively 
open. A similar proof shows that the complement of & is open. Hence 
=a, 


9-3 THE FUNDAMENTAL GROUP 


Suppose that the ares 71: [0,1] > WV and ye: (0,1] — W have common 
end points: vi(0) = 72(0), yi(l) = y2(1). A continuous mapping ¥: 
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[0,1] X [0,1} > W is a deformation of y, into yo if y(0,«) = y:(0), 
yu) = yi(1), y(4.0) = vif, y(t,1) = y2(0). In other words, there is : 
continuously changing are between fixed end points whose initial position 
is y: and terminal position y2. When such a deformation exists, we say 
that y1 1s homotopic to yz, and we write y; ~ ye. 

We remark that it is only for the sake of convenience that we refer 
all ares to the parametric interval [0,1]. The general case can be reduced 
to this by a lnear change of parameter. 

As an example we note that if IV is a convex region in the plane, 
then any two ares with common end points are homotopic by way of 
the deformation y((u) = (1 — wyilt) + uy2(d. 

Suppose that we change the parametric representation of an are 
from y(t) to y[7(f)], where 7(4) increases monotonically and continuously 
from 0 to 1. Then these two ares, which are geometrically identical, are 
also homotopic as seen from the mapping y[(1 — w)f + uzr(d)). 

The relation y1 ~ ye is evidently an equivalence relation. The equiv- 
alence classes are called homotopy classes, and we denote the homotopy 
class of y by {y}. Two ares in the same homotopy class have common 
end points. We have just seen that reparametrization does not alter the 
homotopy class. 

Suppose that ys begins where y; ends. Then the product y = yi7y2 
(vy: followed by y2) is defined by 


¥1(20) Lor t € [0,5] 


aie 
WOT cee “for ee 


. b bi . . . i 
This construction is compatible with homotopy in the sense that y; ~ y, 


(¢ = 1,2) implies yivye ~ viv». In view of this property we can define a 
product of two homotopy classes by setting {yi} {y2} = {yiye}. 

The product suffers from the disadvantage that it is not always de- 
fined. To eliminate this difficulty we pick a point po € W and consider 
only arcs that begin and end at po. With this restriction all homotopy 
classes Can be multiplied. Moreover, the homotopy class of the degenerate 
are given by y(f) = po acts as a multiplicative unit and is therefore 
denoted by 1 Gt depends on po, but there is little need for more precise 
notation). An easy verification shows that multiplication is associative. 
Also, everv homotopy class has an inverse, for {y}{y~!} = 1, where y7! 
is y traced backward, 1.e., y~!(4) = y(1 — 0). These properties show that 
the homotopy classes of closed curves from po form a group. It is called 
the fundamental group of W with respect to po, and the standard notation 
is 7i( WV, po). 
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What happens if we replace po by another point pi? Since W 1s 
connected, we can draw an are o from po to P1. If vy: begins and ends at 
pa, then y= oyio~' begins and ends at po, and {7} depends only on 
{y,}. This correspondence between fy} und }yi} 18 one to one, for y = 
oyio7! if and only if yi © a7 "yo. \Loreover, the correspondence preserves 
products, and hence is an isomorphism between mi(W,po) and mi(WV pai). 
In other words, the choice of po makes very little difference. As an ab- 
stract group the fundamental group is denoted by mi( IV’). 

A surface IV is said to be simply connected if r(IV) reduces to the 
unit element. We recall that a plane region is simply connected if and 
only if its complement with respect to the extended plane 1s connected. 


9-4 SUBGROUPS AND COVERING SURFACES 


From now on all covering surfaces are understood to be complete. In 
this section we study the relations between the fundamental group and 
the covering surfaces of a surface W. 

If (W.,f1) is a covering surface of I, and if @¥2,fn) sa covering 
surface of 1V1, then (Wa2,fie fei) 1s a covering surface of IW. We say in 
this situation that the latter is a stronger covering surface. \fore sym- 
metrically, (W»,fz) is stronger than (Wii) if there exists a mapping fa 
such that fo = fiefe: and (WWo,fe1) is a covering surface of Wy. This rela- 
tionship is transitive and defines a partial ordering. If two covering sur- 
faces are mutually stronger than the other, they are equivalent and we 
regard them as essentially the same. 

Consider (IV*,f) over IW. We choose po E W and p> over po. Let 
y be a closed curve on W from po, and let y* be the lifted are with initial 
point pg. Then y* may or may not be closed. The monodromy theorem 
states that y* is homotopic to 1, and consequently closed, if y 1s homo- 
topic to 1 (for a proof see Ou, p. 285). Titevetore, whether y* is closed 
or not depends only on the homotopy class of y. 

Let D be the set of all homotopy classes fy} such that y* Is closed. 
If {y} belongs to D, so does fy-'}, and if {yi and {y2} are in D, so is 
fyiy2}. Hence D is a subgroup of 1(IV,po). Observe that D depends on 
the choice of po. 

The dependence on po is quite easy to determine. Suppose that we 
replace po by p; with the same projection po. Let o* be an are from po 
to p*. Its projection a is a elosed curve from jo. If 7 is@ closediemive from 
po, it is readily seen that oyo7! lifts to a closed curve from po if and 
only if y hits to a closed curve from py. If Di corresponds to iene 
same way that D corresponds to pa, we thus have Dy = (a) 0\¢ ain 
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other words, D and D, are conjugate subgroups. Conversely, every con- 
jugate subgroup of D can be obtained in this manner. 


Theorem 9-2) The construction that we have described determines 
a one-to-one correspondence between the classes of conjugate sub- 
groups of i(IV.po) and the equivalence classes of covering surfaces 
(W’*,f). Moreover, if D and W* correspond to each other, then 
mi(IN"*) is isomorphic to D. 


PROOF We have already shown that every (I*,f) determines a 
class of conjugate subgroups, and it is evident that equivalent covering 
surfaces determine the same class. 

Conversely, if we start from a subgroup D, we have to construct a 
corresponding surface JV*. Let o1 and o2 be arcs on W from po. We shall 
write a1 ~ a2 if they have the same end point, and if oy27! © YD. This is 
obviously an equivalence relation. The points of I* will be equivalence 
classes of ares o, the class of ¢ being denoted by [o]. The projection map 
f will take [e] into the common terminal point of all ¢ € [co]. 

It is not difficult to provide W* with a surface structure. To de- 
scribe the process in some detail, let the structure of W be given by 
charts [Uaza}, where the U, are topological disks. Choose a point 
qo & Uz and gf = [eo] over go. For ny 7 eH tg we drawn are from 
qo to g within (,. Then ooo determines a point [oc] which depends on 
qo and q, but not on the choice of ¢. We have obtained a set oo, eae 
Which is in one-to-one correspondence with its projection U4, and we 
deime the structure of W* by ineams of tleséharts 112 (G,).2.° 1). 

It is necessary to verify that the induced topology is Hausdorff. Let 
Pp; and ps be distinct points of W*. If they have different projections, the 
existence of disjoint neighborhoods is obvious. Assume now that f(pt) = 
fp Pandan, — 2G. eS Ci(a;). We can ewite 9? = [cyo'l, ps = 
[cic]. By assumption, ooo’0”’~!o,7! is a closed curve, but its homotopy 
class is not in D. If U3(qg) and Cf (g) had a common point, it would 
have two representations [oor’] = [oy7’’J. and oor’7’~!a17! would belong to 
PD. But if the terminal points of 7’ and o’ are in the same component of 
Oa (\ Us, it 18 easy to see that 7’7—! = o’e’’—!, and we would arrive at a 
contradiction. It follows that pf and p> have disjoint neighborhoods. 

Our proof also shows that any two (3(g3) with the same U, are 
either disjoint or identical. This in turn implies that the U2(q%) are com- 
ponents of f—'(Y.), and hence (1*,/) isaw complete covering surface. 

We now show that (JV*,/) determines the subgroup D or one of its 
conjugates. As initial point we choose ps = [Ll], the equivalence class 
of the constant curve from po. Let o be a closed curve from po, param- 
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etrized over [0,1], and denote its restriction to [0,7] by o,. When ame 
lifted are é is given by @(r) = [o,]. It is closed if and only mt {at GD, 
whieh is what we wanted to prove. 

It remains to prove that 1(JV*) is isomorphic to D. Let y* be A 
closed curve on W* from p%, and let 7 be its projection. Then fy} © D, 
and if y* and y3 are homotopic, so are their projections, for a deforma- 
tion on W* projects to a deformation on W. Hence projection induces 
2 mapping of m(IV*,po) into D. This mapping 1s onto by the definition 
of D. It is obviously product preserving, and it 1s one to one, tor yo== | 
implies y* =~ 1 by the monodromy theorem. We conclude that the pro- 
jection map defines an isomorphism between m(Ie*,po) and D. 


In the applications of Theorem 9-2 there are two extreme cases. 
First, if D is the whole group m(IV,po), two ares from po are equivalent 
as soon as they lead to the same point, and the projection f is a homeo- 
morphism so that J”* can be identified with W. The other extreme 
occurs when D reduces to the unit element. The corresponding covering 
surface is called the universal covering surface of W, and we denote it by 
W. It has the property that an are on W is a closed curve if and only if 
its projection is homotopic to 1. Furthermore, m(W) = 1, soltiiat W is 
simply connected. 

The subgroups of the fundamental group have the same partial 
ordering as the corresponding covering surfaces. To be more specific, 
suppose that D, and Ds» correspond to Wy and W, respectively. If 
D, C De, then Wj is stronger than Ws. Conversely, if WY is stronger 
than IV, then Dz contains a conjugate of D1. In particular, the universal 
covering surface 1s the strongest. The proofs are left to the reader. 


9-5 COVER TRANSFORMATIONS 


Given a covering surface (IV*,f) of IV, let ¢ be a homeomorphie mapping 
of W* onto itself. It is called a cover transformation of W* over W if 
foo =f, that is to say, if p and g(p) have the same projection. If JW 
and W* are Riemann surfaces, then ¢ is a conformal mapping. Indeed, 
the local variables on WW and IW* may be chosen as 2a and a ae 
To say that ¢ is conformal is to say that zgpoogozq is conformal where 
it is defined. But zg ogoz, | = zeefoyof loz! = moe 2), eueatans 
is conformal by hypothesis. 


Theorem 9-3 A cover transformation, other than the identity, has 
no fixed points. 
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PROOF Suppose that ¢(pt) = p*. By the definition of covering 
surface p> has a neighborhood V* such that f: V* > f(V’*) is a homeo- 
morphism. Let U* C V* be a neighborhood of po such that ¢(U'*) C V*, 
If p* € U*, we have fly(p*)] = Tip) aa) *). Sines p* and e()*) aime 
both in V*, it follows that ¢(p*) = p*. We conclude that the set of fixed 
points is open. It is trivially closed, and the theorem follows from the 
connectedness of JV*, 


The cover transformations of (I’*,f) over I form a group. We shall 
show that there is a simple connection between the eroup of cover trans- 
formations and the subgroup D that corresponds to (W’*,f) in the sense 
of Theorem 9-2. 


Theorem 9-4 The group of cover transformations of GH f) over 
W is isomorphic to N(D)/D, where N(D) is the normalizer of D in 
W1( WV, 70). 


PROOF Recall that g € mi(W,po) belongs to N(D) if and only if 
gl) = Dg. Consider a closed curve y from Po Such that {ty} GE NCD). 
With this y we associate a mapping ¢, as follows. Join pj to p* by an 
arc o* with projection o and define ¢(p*) as the end poimt of the lifted 
are (yo)*. It must be shown that the result does not depend on the choice 
of o*. Suppose that o* is replaced by o*. Then too, '} © D, and hence 
{yoo.-!y~-1} © D. Therefore, (yo)* has the same end point as (yo1)*. It 
is quite obvious that ¢, is a cover transformation, and that Ca 
¢y° gy. We observe further that ¢, is the identity if and only if {y} © D. 
Hence our construction defines an isomorphic mapping of N(D)/D into 
the group of cover transformations. 

Conversely, let ¢ be a cover transformation. Let y™* be an are from 
ete g(po) with projection y. Then yy(po) = o(p5) so that o,y-! has 
the fixed point p>. Hence ¢ = ¢, by Theorem 9-3, and we have shown 
that every cover transformation is of the form gy. The proof is complete. 


A particularly important case occurs when N(D) = TiC", po), that 
1s, for a normal subgroup D. There is then a gy corresponding to every 
closed curve y from po, and the cover transformations are transitive in 
the sense that there is a unique ¢ which sends pa to any pomuit over po, 
A covering with this property is said to be requdar, and if 1S asproperty 
that does not depend on the choice of po. On a regular covering surface 
points with the same projection are indistinguishable from each other. 


134 CONFORMAL INVARIANTS: TOPICS IN GEOMETRIC FUNCTION THEORY 


9-6 SIMPLY CONNECTED SURFACES 


We have defined a simply connected surface as one whose fundamental 
eroup reduces to the unit element. In view of Theorem 9-2 this means 
that every covering surface has a single sheet. The consequences of this 
property are somewhat indirect, for In most applications it 1s necessary 
to construct 2 covering surface where none was originally present. The 
construction is illustrated in the proof of the following fairly general 
theorem. 


Theorem 9-5 Let W be a simply connected surface and let {U.} 
be a covering of IV by open connected sets. On each U’, let there 
be given a family &, of functions such that the following conditions 
are satisfied: 


a) If ga € Ba, os E Bp, and if Vag is acomponent of U4 (\’ Us, 
then g.(p) = ¢a(p) either for all p © Vg or for no such p. 

b) If ga € Pa, and Vagis a component of UO Us, then there 
exists a vg © 2g such that ga = ¢e In V ap: 


In these circumstances there exists a function ¢ on W whose 
restriction to any U, belongs to ®,. Moreover, ¢ is uniquely deter- 
mined by its restriction to a single Use. 


REMARK We have deliberately failed to specify the nature of the 
functions ¢a © Pa as being completely irrelevant. Actually, they are best 
thought of as nametags. A more abstract formulation would have its advan- 
tages, but we have chosen one that comes as close as possible to the most 
common applications. 


proor Consider all pairs (p,¢g) such that p € Ca and ¢ € ®, for 
some a. The relation (p,¢) ~ (q¥), if p = qand y(p) = ¥(q), is an equiv- 
alence relation. We denote the equivalence class of (p,v) by [p.¢]. Let 
IV* be the set of all such equivalence classes, and let f denote the function 
that maps [p,¢] on p. 

For a given a and ga € Pz let U'*[a,¢~a] denote the set of all [p,¢a] 
with p © Ug. The map f sets up a one-to-one correspondence between 
U*[a,¢a] and U,. This correspondence induces a topology on HW, and tt 
is 2 consequence of (a) that the topology is Hausdorff. 

Let 1V* be a component of W*. We contend that (W’5,f) is a complete 
covering surface of IW”. To see this consider p* = [p,¢] € f-'( Ue). Then 
yg € 3 and p € U.N Us for some B. By (b) there exists ay © Pa such 
that o(p) = ¥(p), from which it follows that p* € U*[a,y]. On the 
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other hand, each U*[a,y,] is contained in 7 CU], and we lrave thie 
representation 
PU) = Ui Uae. 
val?a 

Here each U*{a,ya] is open and connected, and by virtue of (a) the sets 
that correspond to different ¢, are either identical or disjoint. Hence the 
U*[a,¢a] are the components of f-(U',), and those that belong to WF 
are the components of f-'(U,) C\ W*. Since they are in one-to-one corre- 
spondence with U,, we have shown that (WG, f) is a complete covering 
suriace of |W. 

Our assumption was that I is simply connected. Hence f: Wj > W 
hacen inverse, and f-1((f,) = U*le,e,| for ao, Go... If OA U's € 0, 
the corresponding ¢.,¢3 coincide on Uy (’s, and together they define 
a global function ¢. To make » coincide with a given ¢, on U,, all 
that is needed is to choose W% as the component of IW* which contains 
UO ag,@, |: 


Corollary 9-1 Assume that the complex-valued function F is con- 
tinuous and ¥ 0 on a simply connected surface IW. Then it is possi- 
ble to define a continuous function f on W such that ef = F. 


PROOF Every po has an open connected neighborhood in which 
F(p) — F(po)| < |F(o)|. Let the system UU’, consist of all such neighbor- 
hoods, and define (log /’), as a single-valued continuous branch of log F in 
U.. The family 6, will consist of all functions (log ’)q + n2mai with inte- 
gral n. Conditions (a) and (b) are trivially fulfilled. Hence there exists a 
function f which is equal to some (log F)4 + n2m7 in each Ug. This fune- 
tion 1s continuous and satisfies ef = F. 


Corollary 9-2) Let vw be a harmonic function on a simply connected 
surface W. Then wu has a conjugate harmonic function on IW, 


PROOF Choose the U, conformally equivalent to a disk. Then wu 
has a conjugate harmonic function 7g in each Uy. Let &g consist of all 
functions v + ¢ with constant c. The theorem permits us to find a global 
function v which is of the form vr + c¢ on each U4. 


NOTES Riemann’s ideas were profound, but vaguely expressed. It 
seems that Nlein was the first to understand conformal structure in its 
modern sense, although in a very informal setting. The present concept 
of Riemann surface, and its generalization to complex manifolds, goes back 
to Weyl’s monumental “Die Idee der Riemannschen Iliche” [66]. 

The reader is also advised to consult Springer [60] for a less arduous 
approach and Ahlfors and Sario [5] for more detail. 
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THE UNIFORMIZATION THEOREM 


10-1 EXISTENCE OF THE GREEN’S FUNCTION 


In this chapter we shall prove the famous wniformization theorem of 
Koebe. This is perhaps the single most important theorem in the whole 
theory of analytic functions of one variable. It does for Riemann sur- 
faces what Riemann’s mapping theorem does for plane regions. As a 
matter of fact, as soon as the uniformization theorem is proved, It ieenot 
necessary to consider Riemann surfaces more general than the disk, the 
plane, and the sphere. It must be admitted, of course, that the reduction 
to these cases does not always simplify matters. 

The early proofs of the uniformization theorem were long and un- 
perspicuous. By taking advantage of all simplifications that are now 
available the proof can be reduced to manageable proportions. The only 
constructive element is contained ‘in the Perron method for solving the 
Dirichlet problem. In addition, the proof rests on repeated applications 
of the maximum principle. In the final stage we shall make use of @ 
special argument due to Heins which in one step eliminates several 
difficulties in the classic proofs. 
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We shall first discuss the existence of Green’s function on a Rie- 
mann surface. As already indicated, the discussion is based on Perron’s 
method, which uses subharmonic functions. We recall that subharmo- 
nicity 1s invariant under conformal mappings. It is for this reason that it 
is possible to consider subharmonic functions on Riemann surfaces. 

It is customary to require subharmonic functions to be upper semi- 
continuous and to allow — as a value. For our purposes, however, it 
is sufficient to consider only continuous subharmonic functions, except 
that we include functions which tend to — © at isolated points. 

Let W be a Riemann surface. A Perron family is a family V of sub- 
harmonic functions on JV subject to the following conditions: 


1) IPf vy, and ve are in V, so is max (v4,02). 

7?) Let A be a Jordan region on IW. Suppose that v € V and let 
be a function which is harmonic in A with the same boundary values 
as v, and which agrees with v on the complement of A. It is well 
known that @ is subharmonic. For a Perron family we require that 


Ts ae ae 


Observe that @ always exists and can be constructed by means of 
the Poisson integral. 
The basic property of Perron families is the following: 


Theorem 10-1 If V is a Perron family, the function wu defined by 
u(p) = sup v(p) for v © V is either harmonic or identically +. 


lor plane regions the theorem is proved in C.A., pp. 240-241, and 
the proof easily generalizes to Riemann surfaces. 

Consider a point po € W and let z be a local variable at po with 
z(po) = 0. Let V,, be the family of functions » with the following 
properties: 


a) vis defined and subharmonic on W — {po}. 

b) vis identically zero outside a compact set. 

c) lim [»(p) + log |z(p)|] < @. 

pD—pPpo 

It is quite evident that V,, is a Perron family. If sup v is finite, and 
hence harmonic, we say that JV has a Green’s function with a pole at po, 
and we denote sup v(p) by g(p,po). The Green’s function does not depend 
on the choice of local variable z(p) at po, for condition (c) is clearly inde- 
pendent of that choice. We shall see later that the existence or non- 
existence of g is also independent of po. 

Suppose that the disk |z| < ro is contained in the range of z2(p). Set 
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vo(p) = log ro — log |z(p)| when le(p)| < roand vo(p) = 9 everywhere else 
on W. Then to € V,, 80 that g(p,po) = vo(p). We conclude above all that 
g(p,po) > © when p— po. In particular, g(p,po) 1s not constant. 

If W is compact, the Green’s function cannot exist, for in that case 
g(p,po) would have a minimum, and this cannot happen since g(p,Po) 18 
not a constant and harmonic everywhere except at po. 


We list the following important properties of the Green’s function: 


AI g(p,po) > 9. 
AIT inf g(p,po) = 9. 
AIIL  g(p,po) + log |z(p)| has a harmonic extension to a neighbor- 
hood of po. 


The first property follows from the fact that 0 isin Vp, The others 
are not as obvious and will be proved later. 


10-2 HARMONIC MEASURE AND THE 
MAXIMUM PRINCIPLE 


A noncompact surface is also said to be open. It can be compactified by 
adding a single point “at infinity” whose neighborhoods are the sets with 
compact complement. In the theory of Riemann surfaces the added point 
is also referred to as the ideal boundary. A sequence {pn} converges to ©, 
or to the ideal boundary, if p. lies outside any given compact set for all 
sufficiently large 7. 


Let W be an open Riemann surface and let K be a compact set 
whose complement W — K is connected. We introduce a Perron family 
Vx as follows: 


2) vEV«Kis defined and subharmonic on W — &K. 
71) v€ Veis Sl on W — K. 
tii) Ifv C Vx, then lim o(pr) < Owhen pr ©. 


A more precise version of (722) would read: Given any e > 0 there 
exists a compact set AK, such that vip) < when pp SW — Ke 

It is immediately evident that Vx is a Perron family. Because the 
v & Vx are uniformly bounded, the harmonie function wx = supe will 
always exist, and 0 < ux <1. It may happen that ux = 0 or ux = is 

We can rule out the first possibility by insisting that A have an 
interior point. To see this, let A° be the interior of A and let po bea 
boundary point of K°. Suppose that a local variable z maps a neighborhood 
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of po on the disk |z| < 1. Then there exist concentric disks |z — 20] < 6 
and |z — z0| < 26, both contained in |z| < 1, such that the smaller disk ts 
contained in z(4) while the larger is not. We define a function by the 
following rule: (1) If z(p) is defined and satisfies 6 < le(p) — 20] < 26, 
we Set 

26 
log 2; 


v(p) = log 
je(p) — 20] 


(2) otherwise we set 7(p) = 0. The restriction of » to IW — W& belongs to 
Vx and is not identically zero. Hence ux > 0. 

There remain two possibilities: either 0 < uc < lorux = 1. In the 
first case we call ux the harmonic measure of A; in the second case we say 
that the harmonic measure does not exist. We are going to show that 
these alternatives do not depend on K, but only on the surface W. It is 
therefore natural to say that the existence of the harmonic measure is a 
property of the ideal boundary. 

There is one more important property relating to a compact set K 
on IW. Let w be harmonic and bounded above on IV — K. We say that the 
maximum principle is ralid on W — K if lim u(p) < 0 implies u < 0 on 


po kK 
Wok, 

Observe that we would not expect this to hold unless wu is known to be 
bounded, that is, to satisfy some inequality of the form wu < J/. Again, we 
shall find that the validity of the maximum principle depends only on W 
and not on K. For the maximum principle it is not necessary to assume 
that A has interior points. 


10-3 EQUIVALENCE OF THE BASIC CONDITIONS 


We turn now to the main theorem linking the concepts introduced above. 


Theorem 10-2. The following properties of an open Riemann sur- 
face are equivalent: 


7) Green’s function exists. 
7?) Harmonic measure exists. 
2?) The maximum principle is not valid. 


More precisely, we shall label these statements (7),,. (Ox. (@)x 
when they refer to a specific po or K. We claim that all statements are 
simultaneously true or false, regardless of the choice of po or K. 
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It is evidently sufficient to establish the following implications: 


[2 ee ee 
i Ghee Oe 1 pres (=e) 
Tit) G@it)x = (1) x for all K Sila: 


proor of 1 The function —g(p,po) has a maximum m on K. It ts 
bounded above by 0 on W — K. If the maximum principle were valid in 
W — K, we would have —g(p,po) S ™ in IW — K. Hence m would be the 
maximum value of —g(p,po) in the whole plane, and it would be assumed 
at an interior point of the complement of {no}. This contradicts the classic 
maximum principle. 


pRooF OF IL We choose a neighborhood of po, contained in K, which 
is conformally equivalent to |z| < 1 with po corresponding to 2 = 0. Let 
K, and Kz be the sets on JV that correspond to the closed disks aie 
aml (2) os with 0 <— 7s te 1, and denote their boundaries by 0A, 
dK». If ux exists, as we assume, so does Ux,. Consider v € V,, and replace 
ibe = max (70) which is also in V,,. The inequality 


nto (man lite) 
Ky 


holds near the ideal boundary and also on aK,. Hence it holds outside of 
K,, and we obtain in particular 
max vt < (max vt)(max ux,)- (10-1) 
Oke ok, ORK: 
Next we consider the function e+(p) + (1 + ¢) log |z(p)| on Ke with 
«> 0. It becomes negatively infinite when p — Po. Therefore, its maxi- 
mum is taken on 0K2, and we obtain 
mest? -- (1 +c) loge, < Tima + (1 + ¢) log re. (10-2) 


aki Ok: 


On combining (10-1) with (10-2) and letting « become zero we find 


i) 
maxot < (1 — max wx,)~' log — 
Ok OK. ry 


where ii 16 known that misowx, < 1. 0 follows that e+, and consequently 
aKe 
py, is uniformly bounded above on 0Ki1. Hence g(p,po) exists. 
PROOF OF IIL We show that the nonexistence of ux implies that the 
maximum principle is valid in Wo — Ae 
Assume fifst that K’ C K. Let wu be harmonic outside of A with 


u <1and lim u(p) < 0 as p approaches A. Consider any & © Vr. Then 
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v(p) + u(p) < 1 outside of A, for this inequality holds when p tends to 
o and also when p approaches A. But if wx does not exist, » can be 
chosen so that o(p) ts arbitrarily close to 1. It follows that u(p) < 0, so 
that the maximum principle is valid. 

It aid Kare artoiirary, we choose i so that K ik C wt dc", 
Let u be as before. We have just seen that the maximum principle is valid 


in We— K”. Hence wv < max u outside of K”. If max u were >0, the 
a he ok” 
Inequality « < max uz would also hold in A” — A. Thus « would attain 
jk” 


its maximum in JW — K on dK”, and necessarily at an interior point. 
Since this is Impossible, we have u < 0 on 04”. On applying the maxi- 
mum principle separately to K” — K and W — A” it follows that u < 0 
in’ — K, which is what we wanted to show. 


It remains to prove properties (AJ) and (AIT) of g(p, po). We again 
use a standard local variable z with 2(po) = 0. Let m(r) denote the maxi- 
mum of g(p,po) when |z(p)| = r. From (10-2) we conclude that m(7) + log r 
is an increasing function of r. Hence g(p,po) + log |z(p)| 1s bounded above 
near po. On the other hand, define v(p) as —log |z(p)| + log ro for |z(p)| < ro 
and zero elsewhere. It is evident that this function belongs to V,,, so that 
g(p,po) = —log |z(p)| + log ro. Classically, an isolated singularity of a 
bounded harmonic function is removable. Property (AZ/Z/Z) has been 
proved. 

Denote inf g(p,po) by c. Since we now know that g(p,po) + log |z(p)| 
has a finite limit when p— po, we may conclude that (1 — e)r(p) < 
g(p,po) — c for every v € V,,. It follows that ¢ < 0 and therefore in fact 
c = 0 as asserted in (A/J). 


Definition 10-1 An open Riemann surface with one, and hence all 
the properties listed in Theorem 10-2, is said to be hyperbolic. An 
open Riemann surface which does not have these properties is called 
parabolte. 


For instance, a disk is hyperbolic and the whole complex plane is 
parabolic. The Riemann sphere is compact, and hence neither hyperbolic 
nor parabolic. Parabolic surfaces share many properties with compact 
surfaces. As an exercise, let us prove the following: 


Proposition A positive harmonic function on a parabolic surface is a 
constant. 
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proor Let u be positive and harmonic on a parabolic Riemann 
surface W. Let p and q be points on IV. The function —u is harmonic and 
bounded ubove. We apply the maximum principle to —u on W — |p} 
and W — {q}, respectively, to obtain —u(qg) < —u(p) < —ul@), showing 
that. wis constant. 


10-4 PROOF OF THE UNIFORMIZATION 
THEOREM (PART I) 


Topologically equivalent surfaces may carry different conformal struc- 
tures. The most obvious example is a disk and the plane which have the 
same topological structure but are not conformally equivalent. As a rule 
a topological surface can carry very many conformal structures. The uni- 
formization theorem points out the exceptions. It asserts that a topo- 
logical sphere has only one conformal structure and that a topological 
disk has two. It is convenient to combine these assertions into a single 
statement concerning simply connected surfaces. 


Theorem 10-3 (The uniformization theorem) Every simply con- 
nected Riemann surface is conformally equivalent to a disk, to the 
complex plane, or to the Riemann sphere. 


Since the existence of Green’s function is a conformally invariant 
property, it is clear from the beginning that a Riemann surface can be 
conformally equivalent to a disk only if it is hyperbolic and to the whole 
plane only if it is parabolic. The spherical type 1s characterized by com- 
pactness. The three cases will be considered separately. 


The hyperbolic case. W is a simply connected Riemann surface 
whose Green’s function g(p,po) exists for every po. Each p # Po has 
neighborhood U, which does not contain po and is conformally equivalent 
to a disk. Let hz be a conjugate hatmonic function of g(p,po) in a; tt 1s 
determined up to an additive constant. The function fa(p) = et" 1s 
analytic in U, and determined up to a constant factor of absolute value 1. 

In a neighborhood Ua, of po we can similarly determine a conjugate 
harmonic function Re,(p) of g(p,Po) + log l2(p)| for some choice of the local 
melas: Wie wine (apne 780) TOR Per 70 and fa,(po) = 9. 

We are now in a position to apply Theorem 9-5. Indeed, the U. form 
an open covering of VW’, and in each U, we have defined a family of fune- 
tions fa. In the overlap of (', and Ug the quotient fa/fs has constant 
absolute value and is therefore itself a constant on each component of 
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(4 (\ Ug. It follows that fa and fg are either everywhere equal or every- 
witere uliequal’on each component of @2(\ Y;,aand if f, 1s civem in 2 
component the constant in fs cam be adjusted so that f{, = fs. The theorem 
guarantees the existence of an analytic function f(p,po) on W, which 
vanishes for p = po and satisfies log |f(p,po)| = —g(p,po) for p # po. 
Observe that |/(p,0)| < 1 and that f(p,po) = 0 only for p = po. 

To prove the theorem it suffices to show that f(p,po) 1s one to one, 
for then JV is conformally equivalent to a bounded plane region and we 
can appeal to the Riemann mapping theorem to conclude that HW is con- 
formally equivalent to the unit disk. Actually, the standard proof of the 
mapping theorem would show that f(p,po) Is itself a mapping onto the 
unit disk. 

The idea for the remaining part of the proof is to compare f(p,)o) 
with f(p,p1) for pi ¥ po. Consider the function 


F(p) = [f(p, po) — £(p1, po): 1 — Fp, po) f(p, po) ]- (10-3) 


Because !f(pi,po)| < 1, the fraction on the right is pole-free, and /" is 
analytic on W with |F| < 1 and F(m.) = 0. 
We recall from Sec. 10-1 that every 7 © V,-is subharmonic, vanishes 


near the ideal boundary, and satisfies lim [v(p) + log |z:(p)|] < 2%, where 
pp 


z, 18 a local variable with 2:(p1) = 0. Since F(p)/z1(p) is regular at pi, it 
follows that lim [v(p) + (1 + 6 log |F(p)|] = —2 for « > 0. By use of 


D>? py 
the maximum principle we conclude that v(p) + (1 + e) log |F(p)| < 0 
on W. On passing to the limit we obtain 


g(p,pi) + log |F(p)| < 9. (10-4) 


This can also be written as |F(p)| < [f(p,pi)|. For p = po the inequality 
yields |f(p1,p0)| < |f(po,p1)|. But po and pi are interchangeable, so we 
have in fact proved that |f(pi,po)| = |f(po,pi)|. 

As a result. (10-4) becomes an equality for p = po. The left-hand 
member is thus a harmonic function which attains its maximum. We con- 
clude that it must be identically zero so that |/(p)| = |f(p,p1)|, and hence 
F(p) = e®f(p,pi) with constant real 6. We further conclude that /(p) = 0 
only for p = pi, and by (10-3) this means that f(p,po) = f(p1,po) only for 
p = pi. We have shown that f(p,po) is indeed univalent. 


The parabolic case. The difficulty with this case is that we do not 
know a priori the existence of a single nonconstant harmonic or sub- 
harmonic function even tf we allow for a singularity. As a substitute for 
the Green’s function we shall need a function u(p,po) which is harmonic 
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for p # po and behaves like Re 1/z(p) in terms of a local variable with 
z(po) = 0. It would be tempting to construct u(p,po) by means of a Perron 
family which might be defined by a condition hm (o(p) — Re 1/z(p)] S 0. 
p— po 
This approach must be abandoned because there is no easy Way of 
ascertaining that the family im question is not empty. Instead we have to 
rely on a less direct method which in its essential features goes back to 
Neumann [40]. 


Lemma 10-1. Suppose @eim@ie(z) is harmonic for p < |z| < 1 and 
constant on |z| = p. Let S-(u) = max u(z) — min u(z) be the oscilla- 


jz] =r 2, =r 


tion of won |z| = 7. Then 
Swe = Gs), (10-5) 
where g(r) depends only on r and g(r) > 0 when r — 0. 


proor We may assume that the maximum and minimum of wv on 
iz] = r are attained at conjugate points Zo and Zo. Consider the function 
u(z) — u(2) which is harmonic in the upper half annulus p Wee aly 
Imz > 0. It is zero on the real axis and the inner half circle, and it is 
<§i(w) on the outer half circle. At ep it is equal to Su): 10 1s majorized 
by the harmonic function ‘n the full half disk which is Si(u) on Iz| = 1 
and zero on the diameter. In terms of the angle a indicated in toe VOS1 
we thus have 


St) : (r — a) Si(v). 


Here a assumes its minimum for fixed r when zo = 7r, and we obtain 


Tv 


4 
CG eos (: are tan Sil), 


which is of the desired form. 


FIGURE 10-1 p 1 
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Lemma 10-2 Let z(p) be a local variable with 2(p0) = 0 and denote 
the inverse image of |z| < p by A,. If IW is parabolic, there exists a 
unique bounded harmonic function u, on W — A, with the boundary 
values Re 1/z(p). 


PROOF Perron’s method is applicable to the family of bounded sub- 
harmonic functions v on IV — A, that satisfy 7 < Re 1/z(p) on the bound- 
ary of A,. These functions are uniformly bounded because the maximum 
principle is vahd in W — A,, and this is sufficient for u, = supv to be 
harmonic. A well-known elementary argument (see C.A., p. 241) shows 
that uv, has the right boundary values. The uniqueness is a consequence 
of the maximum principle. 


Lemma 10-3 The function uw, of the preceding lemma satisfies 


y 


ee: | 
i. = wa(ret*) dB = 0. (10-6) 


PROOF Let DC W be a relatively compact region with smooth 
boundary such that 4, C D. Denote the harmonic measure of dA, with 
respect to D — A, by w. Then 


OU, Ow Ons =) 
—! — u,—)ds = | ee Se 10-7 
fe (. on ce =“) aD (. On "an ( ) 


where the line integrals and normal derivatives can be expressed in terms 
of local variables. 

We know that |u|] < 1/p by the maximum principle. Note further 
that w = 1 on @A,, w = 0 on AD, and that dw/dn has constant sign on 
dA, and on dD. With these observations (10-7) leads to 

| sa ds 
cele i 


/ a i ao ig i coi |e 2 
AAp On ; 3 a aD an clip % 


Aeon | p 
Now we let D expand. Because A, has no harmonic measure, w will 
tend to 1, uniformly in a neighborhood of dA, (note that w can be ex- 
tended by the symmetry principle). Hence dw/dn converges uniformly to 
zero on O0A,, and we conclude that 


Ou 
‘i “ds = 0. 
IAp On 


In terms of the local variable z this is (10-6) for r = p. However, the 
integral in (10-6) is independent of r. 


ut 
a 


— p 


Lemmal10-4 Asp — 0 the functions u, tend to a harmonic function 
u on W — {po} which is bounded outside of every A, and satis- 
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fies lim [u(p) — Re 1/2(p)] = 0. The function u is uniquely deter- 
Pp po 
mined by these conditions. 


proor We assume that the range of z(p) contains |z| < 1. Apply 
Lemma 10-1 tou — Re 1/z. We obtain 


i 
oe (. — Re :) < q(r)S1 (. — Re ‘) (10-S) 
z 


Si(u,) — = S$ a0VSius) + 21 (10-9) 


and hence 


On the other hand, the maximum principle on W — A, yields 


Silt.) SS Brey): (16210) 
We conclude from (10-9) and (10-10) that 
2 . 
Sine eae ed (10-11) 
1 = 9) 


Mora fixed =o < 1 it followetrom (10-11) that Si(u,) is less than 
a constant C independent of p. We return to (10-8) to obtain 


1 
Su, — Re- < (C + 2)q(?). (10-12) 
Z 
Lemma 10-3 shows that the mean value of u, over a cirele |z| = 7 is inde- 


pendent of r. Since Re 1/z has mean value zero, it follows that the mean of 
uw, — Re 1/z is also zero, and we conclude from (10-12) that 


I 
max |u, — Re-| < (C + 2)¢0), (10-13) 
lel=r z 
and hence also 
max Ju, — up| < 2(C + 2)q(r) (10-14) 
iar 


for p, p’ <r. By the maximum principle lu, — up| has the same bound 


in the whole complement of A,. This proves the existence of u = hm Up, 
p—0 


as a uniform limit outside of any neighborhood of po. 
From (4-13) and (4-14) we now obtain 


max 


SC = 200) 
jz) =r 


and Wea, wel 200 => we): 


j2|=r 


it 
u — Re- 
z 
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The first inequality proves that u — Re 1/z—-0 for p— po, and the 
second shows that wis bounded outside of A,. Finally, the uniqueness of 
u follows by the maximum principle. 


10-5 PROOF OF THE UNIFORMIZATION 
THEOREM (PART II) 


We continue our discussion of the parabolic case. Having constructed our 
function uw we observe that every point on W, including po, has a ne1ighbor- 
hood in which wv has a conjugate function 7 which is determined up to an 
additive constant. By use of Theorem 9-5 we can form a global mero- 
morphie function f = u + @ with a development 


it 
Pp) Soe leeds So? 3 (10-15) 
& 
in terms of the local variable at po. This normalization determines f 
uniquely. 
Suppose that we replace z by 2 = —iz. There is a corresponding 


function f, and in terms of the original variable we have 
. t . 
Hip) = be to (10-16) 


We shall show that f = 7f. For this purpose we consider an arbitrary 
A, and assume that [Ref] < M@ and |Re/f| <"# outside of A,. There 
exists a point pi: ¥ po in A, such that Re f(p:) > A/ and Re f(pi) > AV; 
it suffices to choose p; close to po with arg 2(p1) = 7/4. Then f(p) # f(p1) 
for p outside of A,, and since Re [f(p) — f(pi)] < 0 on @A,, it follows by 
the argument principle that f(p) — f(pi) has pi as its only zero, this zero 
being simple. The same applies to f. We therefore have expansions of the 
form 


f(p) A 
LS i oe eh 
= io) — fo) 2a 
F(p) = Sp) age: aig ee (10-17) 


Go an eee 
Due to our choice of pi we have 


|f(pa)| 
Re f(pi) — Af 


for p outside of A,, and a similar bound for F’. Hence the linear combination 
AF — AF is bounded and analytic on the whole surface. Since VW" is 


Ee) SS Ve 
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parabolic, this function must reduce to a constant, and we conclude that 
feasa (|) renee Tis a fractional linear transformation. The developments 
(10-15))amirel (10-16) show that the only possibility is to ve f = "d- 

The relation f = if shows that f itself, and not only Re f, is bounded 
outside of A,. Suppose that If(p)| < Ai outside of A, and choose any 
Pi po i Ap suen that [f(pi)| > Wi. Then F. as defined by the first line 
in (10-17), is again bounded outside of A,. and the argument principle 
(or Rouché’s theorem) shows that the only singularity of is a simple 
TO lean 1. 

Although fis not uniquely determined by po, we shall make 2 definite 
choice of the local variable z and denote the corresponding f by f(p,Po)- 
For pi © 4, we then define f(p,p1) by use of the same 2. We compare 
the developments of f(p,p1) and F(p) which have the same singular point. 
Because the surface is parabolic, it follows thht F(p) = af(p.pr) + 8 with 
constant coefficients, and hence f(p, pi) is a linear fractional transformation 
of f(p,po). This 1s true even when pi is not close to Po, for we can pass 
from po to pi through a sequence of intermediate points, each close to Pie 
preceding one. Let us write, explicitly, {(y,pi) = SU f(p, pod). 

It is now easy to conclude that f(p,po) 18 one to one. In fact, suppose 
that f(p,po) = f(pi,po). With S defined as above we then have 


f(p,p) = SLGp.po))] = Sif(pipd) = furs) = *- 


and hence p = pi since pi is the only pole of f(p.p1)- 

We have shown that IV is conformally equivalent to an open subset 
of CU {0}. This set cannot be the whole Riemann sphere. for then WW 
would be compact. Neither can its complement consist of more than one 
point, for if it did the Riemann mapping theorem would show that HW" ts 
hyperbolic. An inversion throws the complementary point to %, and we 
have completed our task of mapping TV on the whole complex plane. 


The compact case. One possibility would be to remove a point Po 
and show that 1% — {po} is parabolic. ‘The objection ts that rt 1s not quite 
trivial to prove by topological methods that W’ — {po} is simply connected. 

The alternative is to repeat the proof given for the parabolic case. 
lem lUeO to 102) rem inforee, wie proofs being somewhat simpler 
because only the classic maximum principle is needed. The function {(p, po) 
is constructed as before, and the same reasoning shows that it Is a one-to- 
one mapping. The range of f(p.po) is an open and compact subset of the 
Riemann sphere, and hence the whole sphere. 


REMARK In our definition of surface and Riemann surface we never 
required that the underlying space satisfy the second axiom of counta- 
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bility, nor did our proof overtly or covertly make use of this property. It 
is indeed a remarkable feature of the Perron method that it uses only local 
constructions so that global countability never enters the picture. In the 
proof of Lemma 10-3 we used an exhaustion by expanding regions D, but 
D expands in the sense of partial ordering by inclusion and no sequences 
are required. Therefore, by proving the uniformization theorem we have 
shown that every simply connected Riemann surface satisfies the second 
countability axiom, and by passing to the universal covering it follows 
that the same is true for an arbitrary Riemann surface. This observation 
is due to Rad6 [55]. 


10-6 ARBITRARY RIEMANN SURFACES 


We shall now drop the condition of simple connectivity. We showed in 
Chap. 9 that every Riemann surface TW” has an essentially unique universal 
covering surface W. It was defined by the condition mi(W) = 1, and this 
property characterizes W up to conformal equivalence as the only simply 
connected covering surface of TW’. 

Because W is simply connected, we can apply the uniformization 
theorem to conclude that W is conformally equivalent to either the 
Riemann sphere, the complex plane, or the unit disk. Since conformal 
mapping does not change the relevant properties of a Riemann surface, 
we are free to assume that W 7s one of these three surfaces. For the 
moment we wish to give a parallel treatment of all cases, and for this 
reason we shall not yet specify whether W is hyperbolic, parabolic, or 
compact. In any case points on W can be regarded as complex numbers 2, 
possibly including z = «. 

More precisely, the universal covering surface is a pair (Wf), where 
iow — TW is the projection map. We can regard f(z) as an analytic func 
tion on W with values on TV. 

Reeall that a homeomorphism ¢: W — JV is a cover transformation 
if foe =f. We remarked at the beginning of Sec. 9-5 that every cover 
transformation 1s a conformal homeomorphism, and according to Theorem 
9-3 a cover transformation has no fixed points (unless it is the identity). 

In all three cases. namely, for the sphere, the plane, and the disk, 
we know that all conformal self-mappings are given by linear transforma- 
tions y(z) = (az + b)/(cz + d), ad — bc ¥ 0. Every such mapping has 
at least one fixed point on the sphere. Therefore, if W is the sphere, ¢ 
can only be the identity. If W is the plane, the only fixed point must be 
at 2, and this implies ¢(z) = z+ 0b so that ¢ isa parallel translation. 
Finally, if W is the unit disk, the fixed points must lie on the unit circle. 
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[In this ease v is either a parabolic or a hyperbolic transformation of the 
form v(z) = (az + b)/(bz + @). As such ¢ may be regarded as a non- 
euclidean motion which is not a rotation. 

By Theorem 9-4 the cover transformations form a group which in 
the present case (D = 1) is isomorphic to m(IV). I W is the sphere, we 
conclude that mi(IV7) = 1. Since W is compact, so is its projection i”, ancl 
we conclude by the uniformization theorem that WV is conformally a sphere, 
i one-to-one correspondence with W. This trivial case can be ignored. 
In the remaining cases mi(W7) can be represented as a group of parallel 
translations of the euclidean plane, or as a group of fixed point-free motions 
of the noneuclidean plane. 

There is an additional property of the cover transformations which 
we have not vet taken into account. Each point p © W has a neighborhood 
7 which is in one-to-one correspondence with its projection AV). eta 
cover transformation other than the identity, it follows that Y and ¢(V) 
are disjoint. Indeed, if p © V Cv oC, we would luwe p= e(q) with 
De GS V, and hence f(p) = fle(@! = f(q), which is possible onle if p = ¢. 
But then p = ¢(p) is a fixed point, so that ¢ must be the identity. To 
repeat, every point of W has a neighborhood which does not meet its 
images under the cover transformation. We express this by saving that 
the group of cover transformations is properly discontinuous on W. 

When JW is the plane, we know now that the group [ of cover trans- 
formations is a properly discontinuous group of parallel translations. Ty is 
classic that there are only three types of such groups: (1) the identity, 
(2) the infinite cycle group generated by ¢(z) = 24+ bo) =) rie 
abelian group generated by oi(z) = 2 + brand g2(z) = 2 + beavith 2 non- 
real ratio be/b1. The surface WW is recovered by identifying points { low 
correspond to each other under the transformations in [’. In case (1) Wis 
the plane; in case (2) it is an infinite cylinder, conformally equivalent 
with the punctured plane; and in case (3) it isa torus obtained by identify- 
ing opposite sides of a parallelogram. The theory of analytic functions 
on the torus is equivalent to the theory of elliptic functions. 

In all cases except the ones listed above W is the disk. The group I 
is a properly discontinuous group of fixed point-free linear transformiations 
which map the disk on itself. Conversely, if Tis such a group, we obtain 
a Riemann surface by identifying points that are equivalent under the 
croup. We collect all this in a theorem. 


Theoremi024 If & Riemann surikaes* is not conformally equiva- 
lent to a sphere, a plane, or a punctured plane, there exists a properly 
discontinuous group I of fixed point-free linear transformations map- 
ping the unit disk A onto ‘tself such that the Riemann surface A/T 
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obtained by identifying equivalent points under the group is con- 
formally equivalent to IV, 

The theory of analytic functions on WW becomes the theory of 
automorphic functions under the group T. The hyperbolic metric of 
the disk carries over to the Poincaré metric on JW with constant 
curvature —1. In particular, we conclude that every plane region 
whose complement with respect to the plane has more than one 
point carries a Poincaré metric (see I-1-7). 


NOTES All classic proofs of the uniformization theorem make use 
of the ‘oil speck”? method, which consists in exhausting the surface by a 
sequence of relatively compact subregions. The Perron method makes it 
possible to dispense with this method and to define Green’s function and 
harmonic measure directly. Otherwise our proof is akin to the alternating 
method of Schwarz and Neumann, for the comparisons in Theorem 10-2 
use the same classic estimates. In Secs. 10-4 and 10-5 the reasoning 1s 
modeled on Heins [31]. 
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